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Potentials for some tensor algebras 


Raymundo Bautista and Daniel Lopez-Aguayo 


Abstract 

This paper generalizes former works of Derksen, Weyman and Zelevinsky about qnivers with potentials. We consider the algebra of 
formal power series with coefficients in the tensor algebra of a bimodnle over a basic semisimple finite dimensional F-algebra, where 
F is any field, and develop a mutation theory for potentials lying in this algebra. We introduce an ideal R{P) analog to the Jacobian 
ideal and show it is contained properly in the Jacobian ideal J{P)- ft is shown that this ideal is invariant under algebra isomorphisms. 
Moreover, we prove that mutation is an involution on the set of right-equivalence classes of all reduced potentials. We also show that 
certain class of skew-symmetrizable matrices can be reached from a species. Finally, we prove that if the underlying held is inhnite 
then given any arbitrary sequence of positive integers then there exists a potential P such that the iterated mutation at this set of 
integers exists. 
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1. Introduction 

There have been distinct generalizations of the notion of a quiver with potential and mutation where the underlying E-algebra, 
F a field, is replaced by more general algebras, see 0, m and [^. In this paper instead of working with a quiver we consider 
a tensor algebra over M where M is an E-bimodule and E is a finite direct product of division algebras containing F in its 
center and finite dimensional over F. Our extension is similar to that of but more general. In [l] we consider decorated 
representations of the algebras with potential introduced here. 

In section 2 we introduce Fs{M), this is the (M)-adic completion of the tensor algebra Ts{M) where (M) is the two-sided ideal 
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generated by M. We will view as formal power series in M. Then we provide a description (analogous to that of [3]) of 

the topological algebra isomorphisms </) : Fs{M) —>• 

In section 3 we define the concept of Z-freely generated S'-bimodule and we study its properties. 

In section 4 following we define cyclic derivative and the partial cyclic derivatives associated to the elements of the S'-dual of 

Ms- 

In section 5 for every potential P in we define a two-sided closed ideal R{P) of which is contained properly in the 

Jacobian algebra J{P) of P. Our definition is given in terms of a Z-free generating set of M and F-bases of each indecomposable 
factor Di of S. An important property of R{P) is that it is invariant under algebra isomorphisms (p : Ps{M) —>■ Fs(M') which 
leave fixed elements of S, so <j){R{P)) = R{(j){P)). This implies that R{P) does not depends on the choice of a Z-free generating 
set of M nor on the choice of F-bases of Di. 

In section 6 following we define right-equivalence between algebras with potentials and some properties are established. 

In section 7 a condition on the F-bases of each of the indecomposable factors of S is imposed. From here we will assume such 
conditions are satisfied. It is easy to verify that in the case of [ 6 ] these conditions are satisfied. For each potential P we assign 
to it a map of S'-bimodules : M* —)> Fs(M) which is crucial for the next sections. This map is given in terms of the cyclic 
partial derivatives. If F is a quadratic potential then we obtain a morphism : M* —>■ M. We will establish a splitting theorem 
as in with the difference that our theorem holds if and only if the image of X^ in M is a Z-freely generated bimodule. 

In the case of [ 6 ] each non-zero F-submodule of M is Z-freely generated, so here the splitting theorem always holds. 

n 

In section 8 we introduce the main concept: mutations of algebras with potentials. We take 1 = a decomposition of the 

2—1 

unity into primitive orthogonal central idempotents of S and we will assume the cyclic part of M is trivial, that is for each 
1 < i < n we have CiMci = 0. 

As in [3] for each k G {1, 2,..., n} we define mutation of an algebra with potential (Fs(M), F) in the direction of k as long as 
the following property is satisfied: for each i between 1 and n, etMck ^ 0 implies CkMci = 0 and ekMci ^ 0 implies CiMck = 0. 
First, we introduce a new algebra with potential (Psik-kM), fj,kP) and then we are interested in removing the quadratic part of 
fJ-kP] in case this is possible we obtain an algebra with potential {PsiftkM), pkP)- In this case we say that pkP is defined. We 
give a condition in terms of X^*‘^ so that this is achieved. 

It is shown that if F and P' are right-equivalent potentials, then pkP is defined if and only if pkP' is defined and if this happens 
then pkP is right-equivalent to pkP'■ An important result that is shown is that if pkP is defined, then pkiPkP) is defined and 
it is right-equivalent to F. 

In section 9 we will see as in that if pkP is defined then the algebra Ps{M)/R{P) is finite dimensional over F if and only if 
PsifikM)/R{pkP) is also finite dimensional over F. 

In section 10 we define the deformation space of an algebra with potential and show that this is invariant under mutations. 

In section 11 we will see mutations in terms of a skew-symmetrizable matrix associated to the S'-bimodule M. We then show 
that the associated matrices to M and pkM are related via matrix mutation in the sense of Fomin-Zelevinsky [4]. 

In the last section of this paper we prove the following result: if F is an infinite field and M is an S'-bimodule such that for each 
pair of integers i,j between 1 and n and CiMcj ^ 0 implies that CjMci = 0 then for any sequence fci ,... ,ki of integers in [1, n] 
there exists a potential F in Ps{M) such that pki ■ ■ -fikiP is defined. 


2. The algebra Fs(M) 

n 

Definition 1. Let F be a field and let Di ,..., Dn be division rings containing F in its center, let S = Di and M be a 


S-bimodule of finite dimension over F. Define the algebra of formal power series over M as the set 


i=l 


Ps{M) := I “(*) ■ ^ 


. i=0 


where = S. 

Define the sum in Fs(M) as 

OO OO OO 

H ■= 

2=0 2=0 2=0 


and the product as 
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^i=0 / \i=0 / p—0i-\-j—p 


where a(i)b{j) is the image of a{i) 0 b{j) in under the canonical isomorphism of S'-bimodules: 


M®* (g)s M®-’’ 4 M®(*+'^') 


Note that Ts{M) becomes an associative f-unital algebra under these operations. The multiplicative identity 1 of Ts{M) is 
given by 


!(*) 


I 5 if j = 0 
0 if i 7 ^ 0 


where I 5 denotes the multiplicative identity of the algebra S. 


Define z/ : Ts{M) —>■ N as follows. For each nonzero element a in Ts{M) let 

v{a) := min{i G N : a(i) ^ 0 } 

The map v induces a metric d on jFs{M): 

d : Ts{M) X Ts{M) K 

given by d(a,b) = if a 7 ^: 6 and 0 otherwise. We remark that d is a metric on that induces the (M)-adic 

topology where (M) is the two-sided ideal of Ts{M) generated by M. With this metric, J's(M) becomes a topological algebra. 

00 

Let Ts{M) = 0 M®* denote the tensor algebra of M over S and let m(M) be the two-sided ideal generated by M in Ts{M), 

^ _ i=0 

then = Ts{M) as topological algebras. Thus the algebra is the completion of the tensor algebra Ts{M). 

For each j > 1 define: 

'■= {« G 4 s(-W) : o(*) = 0 for every i < j} 

It is readily seen that Ts{M)-^ is a two-sided ideal of and a closed subspace as well. 


Definition 2. Let r := be a sequence of elements of We say that r is sumniable if for every u £ N the set 


J^{t, u) := {i G N : Ti{u) 7 ^ 0} 

is finite. If r := {TijigN is summable we define the series Tj as: 

(^T,)(u):= ^ T,{u) 

Proposition 2.1. Let r = {Tijign be a sequence of elements of Ts{M). For each n £ N, let Jn = 4. If r is summable 

i<n 

then lim Jn = / Ti with respect the metric d. 

Proof. Let e > 0 and choose N gN such that 2^e > 1. Since r is summable then for every u € {0,1,. -., A^} we have that 

N 

I fF I oo. Set 'P — and put k — ttlOjX 'P . If n k and u G then J(u) = 0. Therefore 

Li—0 

ii n> k then v (jn — 4) > N. Consequently: 
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<2 
< e 


-N 


It follows that lim J„ = T^. 

n—^co 


□ 


Let T = {Ti}i^fq and r' = be sequences of elements of Fs{M). Let t" = {T"}sgN where 

T" := ^ T.r; 

i+j=s 


Proposition 2.2. Let r = {TijigN, t' = {rjjjgN be sequences of Fs{M). If both sequences are summable then {T"}sgN is 
summable and Eu = (Ei’.) (Ed)- 


Proof Let m S N and for each integer I G [0, u] define 

Ji =T{t,1) xT{t\u-1) 

U 

J=\Jji 

1=0 

Since r and r' are summable then J is a finite set. Set sq = rnax{i + j : {i,j) € J}, then 

-E(t",u) C [0,so] nN 

Thus P{t”,u) is a finite set and hence r" is summable. Let u G N. We have that 

(j2T”)iu)= Y. 

,u) 

So 

= E^«» 

s^O 

= E E mT'{u-i) 

1=0 {i,j)eJi 


Also 


This completes the proof. 


(E^-)(Ed)(") = E E r,(i) i: T>-i) 


1=0 \ieJ^iT,i) 




= E E mT'iu-i) 


□ 


Proposition 2.3. Let M and M' be S-bimodules and let (j>: M ^ Fs{M') be a morphism of S-bimodules such that 
4>{M) C IF . Then there exists a unique algebra morphism (p : Fs{M) —^ Fs{M') making the following diagram commute: 
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M) - 





where i is the inclusion map M ^ J-s{M). 


Proof. The universal property of the tensor algebra Ts{M) implies the existence of a unique morphism of algebras tp : 
Ts{M) —>■ such that the following diagram commutes: 


M ■ 






/ i/; 


where j is the inclusion map from M to Ts{M). Let a = a{u) be an element of fFs{M). Since 4>{M) C then 

u —0 _ 

tp{a{u)) G for every u > 0. Therefore the sequence {'ip{a{u))}uen is summable. Define (p : iFs{M) by a i-A 

OO 

ip[a{u)). It is clear that (p is additive and that (p preserves the identity. Let us show that <p preserves products. Let 01,02 be 

u—0 

elements of jFs{M), then Proposition 12.21 implies that 


(/)(0i02) = y^V:((aiQ2)(o)) 

U—0 
00 / 

= XI «i(0a2(j) 


n=0 




= X X V’(ai(0)V'(a2(j)) 

= (p{ai)4>{a2) 

Clearly cp extends the map cp. The uniqueness of p follows from the continuity and uniqueness of tp in Ts{M) and from the 
fact that Ts{M) is dense in PsiM). □ 


Let p : iFs{M) ^s{M) be an algebra morphism such that p{M) C Since J-s{M)-^ = M 0 then the 

restriction of p to M induces a map po : M ^ M 0 determined by the pair of S'-bimodules morphisms {p^^\ p^'^'>): 

P'^^^ M ^ M 

: M Ts{M)^‘^ 


Proposition 2.4. Suppose that p^^'^ = idM then p is an algebra isomorphism. 
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Proof. Let ip = — </*) then ip is an endomorphism of S'-bimodules. We now show that ip{M®'^) C for 

every non-negative integer u. If rt = 1 then the assumption (p^^'> = IcLm implies that 


ip{m) = m — (p(rn) 

= m — (poirn) 

= m — {(/>(!)( m) + m)) 

= m — m — (p^'^'^ (to) 

= —(p^'^\m) 


Since : M —>■ then ip{m) € Let us now show that the general case follows by induction. Suppose that 

the claim holds for u and let us show it holds for u -I- 1. Let then 


ip{n ®m) = n® m — (p(n ® to) 

= nm — (p(n)(p{m) 

= nm — (p{n)m + (p(n)m — (p(n)(p{m) 
= (n — (p(n))m + <p(ri)(rn — (/'(to)) 

= ip{n)m -\- (p{n)ip(m) 


Note that n G M®“, then by the induction hypothesis ip(n) G J^s(M)-“+^ and thus ip{n)m G J^s(M)-“+^. On the other hand 
n G M®“ and since (/'(M) C Ps{M)-^ then (/)(n) G Fs{M)^'^. Therefore ip{n ®m)G . 

OO 

We now prove that ip{Ps{M)-p C J^ 5 (M)-“+^. Indeed, let a G J^s(M)-“ then a = ^ a{u + k) where a{u + k) G 

k=0 


Therefore 


ip{a) = a — (p{a) 

/ OO \ 

= a — (j) \ a{u + k) 


\k^0 


= a{u k) — (j){a{u + k)) 

k^O k^O 

OO 

= ^(a(w k) — (j){a{u + k))) 
k^O 

OO 

= '^'^{a{u + k)) 
k^O 

OO 

= ^{ai.u)) + 




Since a{u) G M®“ then the inclusion (p{M®p C J^ 5 (M)-“+^ implies that ip{a{u)) G J^s(M)-“+^. Also note that ip{a{u + k)) G 
J's(M)^“+b It follows that ip{a) G 

Observe that the sequence {'(/'*(a)}igN is summable. Define p : J^s(M) —>• Ts{M) by: 

OO 

P{a) = '^P{a) 

2=0 


By construction iIj = id — (j)^ which implies that cj) = id — 'ijj. Thus </)/? = {id — 'tp)p. Since "0 is a continuous map then: 
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(#)(a) 


{id - %l)){p{a)) 

/ OO \ 

{id-ij) [ 


^ 2=0 




2 = 0 
OO 


^2=0 


2 = 0 
V^°(a) 


i=0 


id{a) 

a 


Hence <j)p = idjr^i^^). Similarly pcj) = idj^^(^M) and thus (p is an algebra isomorphism. 


□ 


Proposition 2.5. Let 4> ■ J^s{M) —?> Fs{M') he an algebra morphism such that (p{M) C IFsiM')-^- Let po = {(j)^^\ , 

then (j) is an algebra isomorphism if and only if is an isomorphism of S-bimodules. 


Proof Suppose first that p is an algebra isomorphism, then there exists p : iFs{M') —>■ such that pp = idj^g(M) and 

(pp = idj^g(^M')- Since p\s = ids then p\s = ids- Thus p{M') C Fs{M)-^ and hence p\m' = {p^^\p^^'>) where p^^^ : M' —>■ M and 
p(i) ; M' —>■ are S'-bimodules morphisms. Let m € M' then 

p{m) = p^°\m) + p^^\m) 
p{p{m)) = p{p‘'°\m)) + P{p^^\m)) 
m = P{p‘'°\ m )) + p{p^^\ m)) 

= <^«(p(0)( m)) + m )) + (p{p^'"H m)) 

The uniqueness of the direct sum implies that m = . Now let m € M, then p{m) = pQ{m). Thus 

p{m) = + m) 

p{p{m)) = pip^^^m)) + p((/)(2)(m)) 
m = p{p^^\ m )) + p((^(2)( 

m)) 

= p(0)(<^«( m)) + p m)) + p{p^‘^\ m)) 

Since p^^\p^^\m)) and p{p^'^\m)) are elements of then {m)) = m, showing that is an isomorphism of 

S'-bimodules. Suppose now that p^^'^ is an isomorphism of S-bimodules. Define p := {p^^'^)~^ '■ M' —)> M. By Proposition 12.31 it 
follows that p induces an algebra morphism p : iFs{M') —>■ fFs{M). Consequently 

{pop){m) = p{p{m)) 

= p{(t>o{m)) 

= pip^^^m) + p^'^\ mj) 

= p{p^^\m)) + p{p'^'^\m)) 

= {p'^^'’)~^ {p'^^\m)) + p{p^'^\m)) 

= m + p{P^‘^'>{m)) 

Therefore {pop)\M = {idivi, P o thus Proposition 12.41 implies that p has a left inverse. A similar reasoning shows that p 
has a right inverse and thus p is an algebra isomorphism. □ 

Definition 3. Let p be the automorphism of iFs{M) corresponding to a pair of S-bimodule morphisms {p^^\p^'^'^) as in 
Proposition l2.5l If p^^'^ = idM, we say that ^ is a unitriangular automorphism. 
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3. Freely generated bimodules 


n 

Let P" be a field. Throughout the rest of the paper we will assume that the following hypotheses hold: let S = be a finite 

2—1 

direct product of division rings containing F in its center, each Di finite-dimensional over F. Let {ei,..., e„} be a complete set of 

n 


primitive orthogonal idempotents of S and Z = Fei. Note that Z is a subring of the center of S. Let M be a finite-dimensional 

2 — 1 

5'-bimodule. 


Definition 4. We say that M is Z-freely generated by a Z-subbimodule Mq of M if the multiplication map /tm : S ®z Mo ® z 
S ^ M given by ^m{si ® m® S 2 ) = sims 2 is an isomorphism of 5'-bimodules. In this case we say that M is an S-bimodule 
which is Z-free. 


Definition 5. An element m G M is legible if m = Cimej for some idempotents e^, ej of S. 

Definition 6 . Let C be a subset of M. We say that C is a right S-local basis of M if every element of C is legible and for 
each pair of idempotents e^, ej of S we have that C fl CiMcj is a Scj = Dj-hasis for CiAdCj. 


A right 5'-local basis C induces a dual basis {u, u*}ucC where u* : Ms —>■ Ss is the morphism of right S'-modules defined by 
u*(v) = 0 if V G C \ {u} and u*(u) = ej if u = eiuej. 

Proposition 3.1. For a Z-free S-bimodule M, the following are equivalent: 

(i) M is Z-freely generated by Mq with Z-local basis T. 

(ii) T is a subset of legible elements of M that generates M as an S-bimodule and such that if N is an S-bimodule, X any 
subset of legible elements of N and if there is a function (j>o : T ^ X with (j)o{eiMej fl T) C A fl CiNcj, then there is a 
unique morphism of S-bimodules (j) : M ^ N such that (j)\T = 4^o- 


Proof We now show that (i) implies (ii). It is immediate that T generates M as an S'-bimodule. Let Nq be the A-vector 
subspace of N generated by A; since A consists of legible elements then Nq is a Z-subbimodule of N. Since T is a Z-local basis 
of Mq, then for each CiM^Cj, the set T{i,j) = T C\ CiM^Cj is an A-basis of eiMoCj. Thus there exists an F-linear transformation 
(pij : CiM^Cj —> CiN^Cj. This map induces a morphism of Z-bimodules (pi : Mq —> Nq such that the restriction of pi to each 
CiMQCj is pij. The morphism pi induces a morphism of S'-bimodules 

l®pi®l:S®zMo®zS^S®zNo®zS N 

where pN is given by multiplication. Hence there is a morphism of S'-bimodules 

P-.M^N 

such that Ppm = PN{f ® Pi® !)■ Thus p{a) = ppMif 0 a ® 1) = PNif ® Pi{ci) 0 1) = pi{a) = po{a) for every a G T. The 
uniqueness of p is clear. We now show that (ii) implies (i). Let T be a subset of M consisting of legible elements and satisfying 
(ii). Let Mq be the F-vector subspace of M generated by T; note that Mq is a Z-subbimodule of M. Consider the multiplication 
map Pm ■ S ®z Mq ®z S —>■ M, since T satisfies (ii), then there exists a morphism of S'-bimodules p : M ^ S ®z Mq ®z S such 
that p{a) = I 0 a C) 1 for every a G T, then pMp{a) = a for every a G T, and ppM^f 0a0l) = l0a0l. Since the elements of 
T generate M as an S-bimodule and the elements 1 0 a 0 1 generate S ®z Mq ®z S as an S-bimodule, it follows that p is the 
inverse map of pM- This establishes (i). □ 


Definition 7. 


If T is a subset of M satisfying (ii) of Proposition 13.II we say that T is a Z-free generating set of M. 


Remark 1. If / : M —>■ A is an isomorphism of S-bimodules and T is a Z-free generating set of M, then f{T) is a Z-free 
generating set of N. 
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Lemma 3.2. Suppose that M is Z-freely generated by the Z-subbimodule Mq of M. Let X be a set of generators of M as an 
S-bimodule such that each pair of idempotents Ci, Cj satisfies card{X n CiMcj) = dimpCiM^ej. Then X is a Z-free generating 
set of M. 


Proof Let T be an F-basis of Mq consisting of legible elements, then T is a Z-iree generating set of M. By assumption, for 
each pair of idempotents Cj, ej there exists a bijection (j)ij : T fl CiMcj — >■ X n CiMcj. Let (j)Q '.T ^ X he the bijection extending 
the bijections 4>ij. Then there exists a morphism of F-bimodules (j> ■. M ^ M such that (/>(T) = (t>e{T) = X. Therefore (j) is 
surjective and since dimpM < oo then (j) is an isomorphism of S'-bimodules. It follows that X = (/)(T) is a Z-free generating set 
of M. □ 

Lemma 3.3. Let T and X be Z-free generating sets of M, then 

(i) For each pair of idempotents Ci, Cj let T(i,j) = T fl CiMcj and X(i,j) = X D CiMej, then card(T {i, j)) = card{X{i, j)). 

(ii) There exists an isomorphism of S-bimodules ij) : M ^ M such that (j>(T) = X. 


Proof Let Mq, A^o be the Z-subbimodules of M generated by T and X, respectively. Then M = S ®z Mq ®z S = S ®z 
Nq®z S. For each Cj, Cj we have 

dimpCiMcj = dimp{eiS '^p CiMQCj ®p Sej) = didjdimpCiMoej 

where ds = dimpCsS for s = i,j. Similarly, we have that 

dimpCiMcj = didjdimpeiNQCj 


Consequently, card{T(i, j)) = dimpCiMQCj = dimpCiNQCj = card{X(i,j)). Now Proposition 13.11 implies the existence of an 
isomorphism of F-bimodules (j) : M ^ M such that <j){T) = X. □ 

Definition 8. Let L be a Z-local basis for S and let T be a Z-local basis for the Z-subbimodule Mq. We can form a right 
S'-local basis for M as follows: let T = {sa|s G L{a{a)),a G T} where e^(^a)aer{a) = a. We say that T is a special basis of M as 
a right S'-module. 


4. Derivations 

Definition 9. Let A be an associative unital algebra over the field F, we recall that an F-derivation of A over an A — A 
bimodule W is an F-linear map D : A ^ W such that D{ab) = D{a)b -\- aD{b) for all a,b G A. 

Definition 10. Following Rota-Sagan-Stein [3, a cyclic derivation on A is an F-linear transformation h : A ^ Endp{A) 
such that: 


h{aia2){a) = h{ai){a2a) h{a2){aai) 


for all oi, 02 , a G A. 

Example 1. Suppose is a commutative F-algebra and D ■. A ^ A is an F-derivation, then define : A ^ Endp{A) as 
follows: h^{a){b) = D{a)b. Clearly is a cyclic derivation. 

Definition 11. Let A be an associative unital F-algebra. Given a cyclic derivation h : A ^ Endp{A) on a F-algebra A we 
define the associated cyclic derivative as 5^{a) = /i(a)(l). 


Then 


15 ^( 0102 ) = h{ai){a 2 ) + h{a 2 ){ai) 
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In particular 6 ^{aia 2 ) = S^{a 2 ai). 

A way of constructing a cyclic derivation is the following: suppose U : A —?> IP is an A-derivation for some A — A bimodule 
W, and u : IP —>■ A is an P-linear map such that u{aw) = u{wa) for all a G A, w £ W. Then : A ^ EndpiA) defined as 
h^{a){b) = u{D{a)b) for a G A, & G A is a cyclic derivation, and the corresponding cyclic derivative S is given by S{a) = u(D{a)). 

Suppose now that S,Mo and M are as in Definitional Take A = Ts{M) and IP = A 0 z A. There exists an F-derivation 
A : A —>• IP such that for s £ S, A(s) = l(g)s — s®! and for m G Mq, A(m) = 1 0 m. 

n 

The morphism u : IP —>■ A is defined as follows. Let a, 6 G Ts{M) and define ip{a,b) — Cibacj, this function is linear in a 

i=l 

and b. We now show it is Z-balanced. Let s = CiC £ Z where c £ F, then ijj{as, b) = Cjbasej = CibacCi = ccibaci. On the other 

3 

hand: 

sb) = ejsbacj = ccibaCi = 3fj{as, b) 

3 

Thus there exists u : IP —>■ A such that u{a 0 6 )= b). Clearly if w G IP and a G A then u{aw) = u{wa); therefore we have 

a cyclic derivation h over A such that / 1 (a)( 6 ) = u(A(o) 6 ) and S{a) = u(A(o)). 

We will use the following notation, for ic G IP and a £ A we put w()a := u{wa). Then h{a){b) = A(a)06. 

Proposition 4.1. Let /i,...,// G Ts{M), then 


S{flf2 A(/i)0/2 .../,+ A(/2)0/3 ...///! + ...+ A(/00/i. .. fl-l 

Proof. 

<5(/i.../0 = A(/i.../,)01 

= (A(/i )/2 ...fi + /iA(/2)/3 ... /i + ... + / 1/2 ... fi-iA{fi)) 01 
= A(/i)0/2 ...//+ A(/2)0/3 + + A(/i)0/l . . . fl-l 

□ 

n 

Remark that if a; G Ts{M) then <5(a:) = 5{xcyc) where Xcyc '■= 

i=i 


Definition 12. Given an S'-bimodule N we define the cyclic part of N as Ncyc ■= SjNej. 

i=i 

Proposition 4.2. Let mi, ... ,mi he legible elements of SMq such that 0 ^ mi .. .mi £ (Ts(M))cyc, then 

5 (mim2 ... mi) = mim 2 ... m; + m 2 ... mimi + ... + mimi... m;_i 


Proof. Since mim 2 .. .mi is a non-zero cyclic element then 


TTT-i — ^r(l)^l^r{2) ? ^^2 — ^r{2)^^2^r(3) v • o — ^r{l)'^l^r{l) 


Hence 


5(mim2 ... mi) = A(mim2 ... mi)01 

= (A(mi)m2 .. .mi + mi A(m2)m3 ... m; + ... + mi... mi-iA{mi)) 01 
= ((1 O mi)m 2 .. .mi + mfl O m 2 )m 3 ... m; + ... + mi... mi_i(l O mi)) 01 
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Thus 


in general 


(1 0 mi)m2 ... mjOl = ^ eimim2 ■. ■ miei = toiTO2 • ■ ■ to/ 

i 

TOi(l 0 TO2 )to 3 . . . TO/Ol = ^ eiTO2 . . . TO/TOlCi = TO2 . . . TO/TOl 

i 

TOi . . . TOi_i(l 0 TOi)TOj+i . . . TO/01 = ^ e/TO/TOj+i . . . TO/TOi . . . TOj-iC* 

i 

= ... mirrii ... 


as was to be shown. 


□ 


Definition 13. Let ip G M* = Hom 5 (Ms, Ss)- For toi, ..., md G M we set i/>*(toi ... to^) = i/’(toi)to 2 ... to^ and extend 
to an F’-linear map: 


V-* : Ts(M) ^ Ts(M) 


with '0*(s) = 0 for every s € S. 

Definition 14. If ■0 G Hom 5 (Ms, Ss) and h G Ts{M) we define the cyclic derivative of h with respect to as: 

S^{h) := 


Note that = 5^(hcyc)- 


Remark 2. 

(i) 5^{hf2 ...//)= lA* (A(/i)0/2 ...//) + ... + iA* (A(/i)0/i . . . fl-l) 

(ii) If TOi,..., rrid are legible elements of SMq and toi ... rud is a non-zero element of {Ts{M))cyc with S{mi... md) 7 ^ 0 then: 

S^{mim2 . ■. md) = V'(toi)to2 .. .md + V'(to2)to3 ... toi -I- il)[md)mi... md-i 


Proof, (i) We have that 

6^{h... fi) = MS{h ■ ■ ■ fi)) 

= (A(/i)0/2 . . . /i + A(/2)0/3 . . . ///l + . . . + A(//)0/l . . . fl-l) 

= (A(/i) 0/2 .../;) + (A(/2)0/3 ... /z/i) + ... + i/'* (A(//)0/i ... fl-l) 

as claimed. 

(ii) We have 

5^{mim2 . ■. md) = V'* iS{mi...md)) 

= l/j* (toiTO2 . . . md + m2 . ■ ■ TO(/TOi -I- ... -I- TO(/TOi . . . TO(/_i) 

= ■//)*(toiTO 2 ... md) + ?/’*(to 2 ... TOrfTOi) -I- ... -I- ip^l^mdmi... md-i) 

= 'ijj{mi)m 2 ...md + ■!/'(to 2 )to 3 ... to^toi -I- ... -|- 'ijj{md)mi... md-i 

□ 


OO 

Definition 15. Let h = hm where hm G M®*” and let ip G M*. The cyclic derivative of h in iFs{M) is defined as: 

m—0 
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oo 

m—0 


oo 

Definition 16. Let h = € Ts{M) and m a non-negative integer. The truncation h-'^ is defined as: 

n—O 


^<m .— _j_ _ _ _|_ 


Remark 3. 

(i) The cyclic derivative of an element of is a well defined series, that is 

(ii) 

(hi) If /,5 € J^ 5 (M), then for each non-negative integer s\ 

(iv) If a G Ts{M) ®z Ts{M) and h G Ts{M), then: 


(aO/i)-"" = (aO/i-™)"™ 


Proof. We first show (i). By definition S^{hjn+i) = tp*{S{hm+i)) and note that S{hm+i) G On the other hand, 

C for each m > 1; thus 5^{h^+i) G = M®’". 

Let us show (ii). Suppose that h = -\-hi + ... + hm + hm+i + ... is an element of Then: 


On the other hand 


Consequently 


— S^{ho + hi + ... + hm + hm+i) 

= <5^(^l) + <5i/i(/l2) + . . . + S.,p{hm) + ^ipihm+l) 

S^{h) = 6.ii,{hQ + /ii + ... + hm + hm+i + ■ • ■) 

= S-tj){hl) + + . . . + 5.^{hm) + <Ji/j(^m+l) + • ■ • 


Sip{h)-"^ — S.^{hi) + . . . + 5.^(hm) + (5^(/lrn+l) 


which shows that 5^{h-'^'^^) = 5^{h)-"^. 

OO OO 

To establish (iii) set / = a{i) and g — &(j). Then: 

2 — 0 j—0 


f9 = Yi 

k=0 


s+1 


s+1 


s+1 


where c{k) = a{i)b{j). Thus c{k). On the other hand, = y] a(i) and 5 -®+^ = b(j). Therefore: 

i+j=k k—0 2—0 j—0 


'"s+l 


's+1 


/-'^+iff-^+i= 

\2=0 / \j=0 

2(s+l) 

= E 


fe=0 
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whence: 






<s+l 




s+1 


= ^c(fc) 




The above implies that 

Now given h G Ts{M) write h = h-"* + h' where h' G Thus: 

aOh = aO(h^'" + h') 

= aOh^"^ + aOh' 

Note that a()h' G hence {a()h')-"^ = 0. Therefore: 


(aOh)-™ = + aOh')-"" 

= (a0h^™)-'" + (a0h')-™ 


□ 


Let T be a Z-local basis of SMq then T is a right 5'-local basis for Ms- Let {u,u*}u&t be the corresponding dual basis. 


Remark 4. Every m G M satisfies: 

m = uu*{m) 

u&T 

also m G SMq if and only if for every u G T, u*(m) G Z. 

Definition 17. A potential P is an element of Ts{M)cyc- 


Proposition 4.3. Let M' be a Z-freely generated S-bimodule. Suppose that (j) : lFs{M) —>■ d^s{M') is an algebra isomorphism 
such that (j)\s = ids- Let P be a potential of the form mi... md where each mi is a legible element of SMq, then for each positive 
integer s: 


VueT 

Proof We have that 

i5^((/i(P)-®+^) = 6 ^ ((</>(mi)-®+V(m2)-®+^ ... (;!)(md)-®+^))“* 

= ip^ (A((/)(mi)-®+^)0</>(m2)-'*+^ ... (/)(md)-'’+^ + ... + A((;i(md)-'*+^)0(/'(TOi)-®+^ ... (;!)(md-i)-'*+^)“'* 
Let {u, u*}„gr be the dual basis as in remark 4. Since each mi is in SMq, then 

mi = uu*{mi) 

uCT 
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with u*(rni) € Z. Therefore 


A((/)(TOj)-'*+^)0(?i'(TOi+i)-®+^... 




uGT 




ueT 



Since 


A{(l){uu* (rrii))-^^^) = (rrii)) 

and u*{mi) G Z, then the last summand is 0. Therefore 


\ueT i 

= V'* ^E A((/)('u)-'*+^)0(/) ^E u*{mi)mi+i ...rm... ^ 


KuGT 


□ 


Proposition 4.4. The formula of the previous proposition holds for every potential P G Ps{M)- 

Proof. Let P G (M®“)cyc, then P is a sum of elements of the form simiS 2 W 2 • ■ • simit where rrii G SMq, Sj,t G S. Hence 

(5^((/)(siTOi ... simit))-'' = d^((/)(simi... Simi)(j)(t))-'' 

= 5^{(j){t)(t>{simi... simi))-’' 

= d^(0(tsimiS2W2 ■ • ■ simi))-^^ 


= ^* ( E A(0(u)-'*+^)O(/)((5u* (tsimiS2Ri2 ■ • ■ simi)) j 

\ueT / 

= V'* ( E A((/>(w)-'’^^)0<?i((5u* (siTOiS2m2 ... simit)) j 

\ueT J 

OO 

Thus Proposition 14.31 holds for each summand of P and thus it holds for P. Suppose now that P = E] Pi- Since Proposition 14.31 

i=2 

s+1 

holds for every Pj, then 

i=2 

d^(</>(P))^«=d^(</>(P)^^+l) 


<s 


VuGT / 


\ueT 


□ 
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Definition 18. Let P be a potential in Ts{M). The Jacobian ideal of P, J{M, P), is defined as the closure of the two-sided 
ideal of Fs{M) generated by the elements 5jp{P) where ijj G Homs(Ms, ^s). 

Definition 19. Let P be a potential in Ps(M). The Jacobian algebra of P is Ps(M)/J(M, P). 

Definition 20. Let Ps{MY be the closure of the P-vector subspace of Ps(M) generated by the elements xi.. .xi where 
each Xi £ SMq. 

Theorem 4.5. Let (j) ■ t be an algebra isomorphism such that (j)\s = ids, (/'(S'Mq) C Ps{M'Y ^nd 

C Ps{MY- Then <j){J{M,P)) = J{M', (j>{P)). 


Proof. We have that 


Spi^l^iP)) = lim 6^{^iP))^^ 

s—^oo 

= lim 

s^cxo \ I 

\uGT / 

= lim [ ^ i/>*(A((^(m)-"+^)0(/)(^«*(P)) I 

s—>^oo \ ^ / 

\u£T / 

Since u G SMq then (j){u) G iFs{M'Y^ so is a finite sum of legible elements of the form xi.. .Xr where each Xi G SMq. 

Therefore A((/)(u-®+^))<)^((5ii* (P)) is a finite sum of elements of the form 

A(a;i . . . Xr)(}(j>{Su^ (P)) = {1 ^ Xi . . . Xr + Xi ^ X2 ■ ■ ■ Xr + ■ ■ ■ + Xi . . . Xr-1 0 Xr)()(j){5u^ (P)) 

= Xi . . . Xr<f>(Su* (P)) + X2. ■ ■ Xr(t>{5u- {P))xi -f . . . -|- (P))xi . . . Xr-1 
Thus Y* {P))) is a finite sum of elements of the form 


'0(xi)x2 . . . Xr4>{6u» (P)) + YiX2) ■ ■ ■ XrY{5u- {P))xi -f . . . d" {P))xi . . . Xr-1 


Since 4> is an isomorphism, then for each Xi there exists a unique yi G Ps(M) with ipiVi) = Xi- Therefore 
Y* (A(^(m)-®+^)0(/'(5m* (P))) is a finite sum of elements of the form 


Y {Y{xi)y 2 ■ ■ ■ VrSu* (P) + Y{x 2 ) ■ ■ ■ VrSu* {P)yi + ■ . ■ + YiXrYu* {P)yi ■ ■ ■ Vr-l) 

all these elements lie in P)) and thus J{M',Y(.P)) ^ Yi J{M,P)). Taking yields: 

j(M,p) = j{M,Y-YYiP))) c y-\J{M',y{p)) 

It follows that P)) C J{M',Y{P))- D 

Definition 21. We define the commutator [p 5 (M), p 5 (M)] as the closure of the P-vector space generated by all elements 
of the form ab — ba where a, 6 G Ps(M). 

Definition 22. We say that two potentials P and P' are cyclically equivalent if P — P' G [Ps{M),Ps{M)]. Note that if P 
and P' are cyclically equivalent then J{M, P) = J{M, P'). 

Definition 23. Let P be a potential. We say that P is reduced if P G Ps(M)-^ and quadratic if every summand of P lies 
in {M®‘^)cyc- 


Definition 24. Let A, B be subsets of PsiM), then AB is the closure of the set of all elements of the form Ugbs where 
cts ^ A, bg G B. 
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Definition 25. Let T be a Z-local basis for the Z-subbimodule Mq. We say that a function 6 : T —>■ is legible if 

b(a) G eiiFs{M)-'^ej for all a G CiMcj fl T. 


Recall that a legible function induces a morphism of S'-bimodules b : M ^ Ts{M)-‘^ and an automorphism of algebras (j)b : 
Ts{M) —>• Ts{M) such that for every a GT, (j)b{a) = a + b{a). 

Lemma 4.6. Let Q be a reduced potential in and let ( j ) be an automorphism of given as above. Then the 

potential (/>(Q) — Q — ^ s{c)ba(c)^ciQ) is cyclically equivalent to an element of fFs{M)-^P, where I denotes the closure of the 

cef 

two-sided ideal of fFs(M) generated by the set {b{a)}a^T- 

Proof. Suppose first that Q = ci... Cd where Ci G T. For each Ci = s(ci)a(ci) we have: 

= Ci + s(ci)b(a(ci)) 


Then 


(f>(Q) = Cl... Cd + s(ci)b(a(ci))c2 ... Cd + Cis(c2)b(a(c2))c3 ... Cd + ... + ci... Cd-is(cd)b(a(cd)) + p 

where p is a product of the form xi.. .Xd where each Xi belongs to the set {ci ,... ,Cd, s(ci)&(a(ci)),..., s{cd)b{a(cd))} and 
there exist Xi,Xj with i ^ j in {s(ci)b{a{ci)),..., s{cd)b{a{cd))}. Thus 

s(ci) 6 (a(ci))c 2 ... Cd + Cis(c 2 )&(a(c 2 ))c 3 ... Cd + ... + ci... cd-is{cd)b{a(cd)) 

is cyclically equivalent to 

s(ci) 6 (a(ci))c 2 ... Cd + s{c 2 )b{a{c 2 ))c 3 ... CdCi + ... + s{cd)b{a{cd))ci... Cd-i 

d 

and the latter element is equal to s{ci)b{a{ci))Sci{Q). Each of the terms Xi.. .Xd is cyclically equivalent to an element of 

2—1 

the form ai 6 (a(c„))a 2 ^(a(c«)) with ai a product of at least one Xg- Thus the aforementioned element is cyclically equivalent to 

XsCt b{a{cu))a 2 b{a{cv)) 

The element a'b{a{cu))oL 2 lies in I and it is the product of d — 2 xj, one of these xj = b{a{cu)) G therefore a &(a„) G 

I n It follows that: 


d d 

HQ) = *5 + X! Hci)biai)Sci iQ) + ^ Vib{a{ci)) + z 

i=l i=l 

where z/, G n/) and ^ G [Fs{M),Ts{M)]r\ . 

OO 

Now let Q be a potential in fFs{M). Then Q = Qg with Qg G M®®, each term Qg is a finite sum of elements of the form 

s=2 

mim 2 .. .rrig where mi G M and each rrii is a sum of elements of the form riiti where Ui G SMq, U G S. Thus each Qg is a 
sum of elements of the form 711^1712^2 • ■ - ngtg and this element is cyclically equivalent to {tgni){tin 2 ). ■. (tg-i'fis) where each 
tiUi+i G SMq. Since T is a Z-local basis of SMq, then each of these elements are finite sums of elements of the form hci.. .Cg 

00 

with h G F and Ci G T. Therefore, we may assume that Q = Hih '"^tiere h-^. G F and 7 ^ = C1C2 ... Cdj, Ci G T. Set l^j) = dj. 

7=2 

Since (j) is a continuous map then: 


HQ) ='^HiH'yj) 

ij 


Thus 
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+ XI s(ci)Ka(ci))<5c,(Q)7j + X ^(7i)afe(a) + 2 ( 7 ^) 

i a^T 

where S fl/) and z(jj) G [Fs{M),Ts{M)\ fl It follows that 

A^(7j)a = ^cl3{'^j)^^a 

cef 

where each I3{'yj)c,a G fl/. The series X'®c,o(7j) is summable, each Pc,ailj) G I and since I is closed then 

73 

''^Pc,a{'Jj) G I. The series is also summable and lies in [J^s(M), J^s(M)]. Therefore 

73 73 

PiQ) = Q+ '^ s{c)b{a{c))Sc{Q) + X c |X^c.“(7) I Ka) + 

cGT cef,aeT V 7 / 7 

the second summand of the above expression belongs to and the last summand lies in [J-s{M), J^s{M)]. This 

completes the proof. □ 


5. The ideal R(P) 

Let P be a potential in iFs{M). In this section we will define an ideal R{P) of Ps(M) that is contained in the Jacobian ideal. 
We will prove that given an algebra isomorphism p : Ps(M) —>• Ps(M'), such that (j)\s = ids, then (j){R{P)) = R{(j){P)). 

Let P be a Z-local basis for S and T a Z-local basis for Mq. For each a G CiMej we set a{a) = % and r(a) = j. 


Definition 26. Let P be a potential in iFs{M), then P(P) is the closure of the two-sided ideal of Ts{M) generated by 
all the elements Xa*(P) := X] ^(sa)*(^’)'S where a G T. In what follows T denotes the special basis of Ms induced by the 

sGL(o-(a)) 

Z-local basis T of Mq. 


Example 2. Consider the potential P = X 1 X 2 ■ ■ - Xn G {M®^)cyc where each Xi G T, then Xa* (P) = X 2 ■ ■ ■ Xns{xi)Sa(xi),a + 
X3... XnXis{x2)Sa(x2),a + ■ ■ ■ + Xi... Xn-is{xn)6a(xr,) ,a- If in addition ti, ..., G S' and Q = tiXit2X2 ■ ■ ■ t^Xn then 

Xa* (t^) — I 2 X 2 • • ■ tn^ntl^(^l)^a{a;i),a “t“ . • . “t“ llX\ . . . tn—lXn—ltn^(,Xn')dQ,(^XTi),a 

Proof. We will show that the second equality holds since the first equality follows from the second one. We have 

Xa-iQ)= X m:(<5(q))s 

sGL(cr(a)) 

— ^ ^ ^2 • ■ • “t“ ^2^2 • ■ • “h • ■ • “h l^n—l)^ 

sGL{cr(a)) 

Consider the term of the above sum; 

'^{sa)l{tiXiti+iXi+i. ..tnXnhxi. ..ti_iXi-i)s = y^Xsa)*{tiXi)qs 
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where q = .. .tnXntiXi.. .ti-iXi-i. Since Xi € T, then Xi = rb where r = s(xi), b = a{xi). Thus 

'^(sa)* (tiXi)qs = y^jsa)* {tirb)qs 

S S 

= ^(sa)* {tir)wb)qs 

S W 

= ^ s*{Ur)qs5b,a 

S 

= y^,qs*{Ur)s5b,a 

S 

= qUrSb^a 
— qiiS(^Xi^6b^a 

This proves the claim. □ 

Note that for a given a G T, Xa* (P) is given in terms of L and T. Now suppose we take another Z-local basis L' of S and the 
same Z-local basis T of Mq, then we have another special basis for Ms denoted by (T) . For s G L(u) we have 

S = ^ ' Cs^s'S 
s'eL' 

with Cs,s' G F, and Cg^s' ^ 0 implies s' G L(u). For each a G T we have X(a.)/(P)' using the Z-local basis L' of S. 

We now show that Xa- (P) is independent of the choice of a Z-local basis for S. 

Proposition 5.1. For every potential P of Fs{M), Xa*{P) = X(^a*)'{P)- 
Proof. For x G T we have x = s(x)a(x) = Cs(x),s's'a(x). Consequently 

X= Cx,yy 

ye(fy 

where Cx,y G F and Cx,y = Cs(x),s'(y)- Observe that Cx,y ^ 0 implies a{x) = a{y). Then if P = tixit 2 X 2 ■ ■ ■ tnXn with ti G S and 
Xi G T, we have 

'y ^ i/ij Crc2,2/^2 ... tll/qt22/i2 

with yi^,... G (T)^ Then by Example [SJ X(^a*yiP) equals: 

^ ^ ^xi ,yi.^ C.X2,yi^ • ■ • ^^2^22 ■ • ■ iVii ^^a{yi^ ),a T ■ • ■ “h ■ • ■ tn—lVin-i^n'^ iVin ),a^ 

We have 

^ ^ ^Xi,yi.^ Cx2,yi2 ' ' ■ ^‘^y'i-2 * ■ * ^nyin^l'^ iyii)^a{yi.^),a 

il ,22 • • ,2n 

— ^ ^ ^X2,yis, • - • ^Xn,yi„ ^2yi2 ■ • ■ ^nyin^l C-Xx.yj.^ ^ {yii)^a(yi., ),a 

22 ,---,2n il 

~ ^ ^ Cx2,yi2 * ■ * ^^n,yin^‘^yi2 ' * ' ^nyin^l^{^l)^a{xi),a 

*2,•••an 

^2^2 ■ • ■ ^n^n^l^i^l^^a{xi),a 
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Similarly E Cxi.yi^ ^X2,yi2 ■ ■ ■ Z/zi ^2 5 (7/^2 )^a{yi^),a — ^3^3 ■ ■ ■ inXntlXlt2s{x2)Sa(x2),a- 

ii,i2,---4n 

Continuing in this fashion we get Xa*{P) = X(^a*y{P)- D 


Lemma 5.2. Let q G {Xs{^)-^)cyc and t G S, then for every a gT 


E isa)l{tq - qt)s = 0 

s£L{a{a)) 

In particular, for qfj, G {Ts{M)-^)cyc and f G S' 

E s = 0 


s^L((7{a)) 

Proof. Suppose that q — raqi where r G S, gi G then 


{sa)l{traqis) = (sa)* {w* {tr)wa)qis 

sGL{(T{a)) s,wGL{<T{a)) 

= E 

seL((7(a)) 

= E 

s£L{a{a)) 

= qitr 


On the other hand, E {sa)l{qts) = E (sa)* (ra)qits = qitr. This implies the first part of the lemma. The second claim 

sen(cr(a)) sen(cr(a)) 

follows immediately from the fact that ^A{t)()q = /r(l O t)()q — fi{t O 1)09 = ^9M ~ 9Mf- D 


We now exhibit an example of a potential P such that R(P) is properly contained in the Jacobian ideal J(P). 


Example 3. Let Q be the field of rational numbers and let Q(-\/2) = {a + by/2 : a, b G Q}. Define S = Q © Q(\/2) and let 
T = {a, bi, 62 } be a Z-local basis for Mq. Set: 

aQ = e 2 Moei 
biQ © 62Q = eiMoe2 

and Mo = e 2 Moei © eiMoe 2 . Consider the potential P = abi + •\/ 2 a &2 G e 2 Mo ©q Moe 2 . We compute 5{P). Note that a right 
S-local basis for Ms is {a, &i, 62 , V^a}. Since each term in the decomposition of P belongs to SMq then S{P) = abi + &ia + 
y/2ab2 + b2\/2a. Therefore 

5a-{5{P))=bi 
5y5{P))=a 
db*((5(T’)) = y/ 2 a 
\V2a)MP))=b2 

On the other hand 

Xa*{P) = bi+b2'/2 
Xbi{P) = a 
Xb.{P) = V2a 

We are done now since hi ^ R{P). 


Theorem 5.3. Let (j) : tFs{M) J^s(M') be an algebra isomorphism with (j)\s = ids and P a potential in iFs(Xf). Then 
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ct>{R{P)) = 

Proof. Let T be a Z-local basis of Mg. For each a G T fl CiMoj define L{a) = {sa}sgi(i). Let F = [J L{a)] that is, T is the 
special basis of Ms- For ij} G M* we have 

<r 


a£T 


uGT 


Then 


w^L{a) 


<71 


w^L{a) \sb^T / 

w^L{a) \sb^T / 

<71 




u^L{a) \sb^T J w^L{a) \sb^T 

<r. 


w^L{a) \sb^T / w^L{a) \sb^T 


By Lemma [5.21 the last summand is 0. Therefore 


<71 


w^L{a) \sb^T 


( 


= E 


v^L{a) 


E a(</)( 6 )^"+i)o<^ E W(^) 

&eT \ \s(iL{a{b)) 


5(w) 


w&L{a) \beT / 


Assertion 1. := E E A(0(&)-”+^)O</>(Ab.(P)) siw) lies in 0(i?(P)). 

w£L{a) \beT / 

Proof. We have that 0(6)-"+^ is a sum of elements of the form mi... mit with mi a legible element of SM'^ and t G S. Hence 
Zn is a sum of elements of the form: 


E (A(mi ... mit)<)qs{w)) 

w^L{a) 
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with q G (j){R{P)). Using Lemma [5^ we see that 

w* {A{mi.. .mit)(}qs{w)) = w* {A{mi .. .mi)t(}q) s{w) + w*{{mi...mi)A(t)(}q)s{w) 

wGL{a) wGL{a) wGL{a) 

= w* {A{mi . .. mi)t(}q) s{w) 

wGL{a) 

The elements rm are legible and lie in SMq, therefore A(mi ... mi) = ai ^ Pi with Pi G Consequently 

i 

w* (A(mi .. .mi)t<)q) s{w) = y^ w* {Pi)tqa^s{w) 

w^L{a) 

Since p is an automorphism, there exists Vi G Js(M) such that p{vi) = ai. Since q G p{R{P)), there exists qi G R{P) satisfying 
Pi<li) = therefore 

y^ w* (A(toi .. . mi)t(}q) s{w) = p I xtqiVis{w) 

w&L{a) V*.’" / 

where x G Ps{M) is such that w*{Pi) = p{x). The latter element belongs to p{R{P)) and therefore Zn G p{R{P)). □ 


It follows that [Xa-> {p{P))]-'^ = {Zn)-^, which implies that Xa»{p{P)) = lim Since p{R(P)) is closed then Xa»{p{P)) G 

n—¥oo 

p{R{P)) for every a G T. This implies that R{p{P)) C p{R{P)). Using the previous argument for p~^ yields: 

RiP) = R{p-HP{P))) c p-HR{^{P))) 

Therefore p{R{P)) C R{p(P)), as desired. □ 


Remark 5. Theorem 15.31 implies that R{P) is independent of the choice of the Z-subbimodule Mq and from Proposition [ST] 
we deduce that R{P) is also independent of the choice of a Z-local basis for 5'; thus R{P) is independent of the choice of Z-local 
bases for S and Mq. 


6 . Equivalence of potentials 

Proposition 6.1. Let a,b G Js(M) and p G M*. Then 


S^piab) = ?/)* (A(ai)06) + ^^ 1 / 1 * (A(6i)0a) 

i=l i=l 
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Proof. 


5^{ah) = lim {Sji,{ab))-'^ 

n^oo 

= lim (5^ ((a6)-"^^) 

n^oo ' ^ 

= lim 

n^oo ^ ' 

= (?/'* (A(a^”+i)06^”+i)-” + (A( 6 ^'^+i) 0 a^”+i)- 

= lim (^,(A(a-"+^)0&) + V’»(A(6-"+^)0a)) 

= lim ^*(A(a-"+^)0&) + lim 'ip»{A{b-^^^)()a) 


f n+1 


/n-\-l 


= lim '0* ^A ttij Obj + lim I^A bij <)a 

n+1 n+1 

= lim +(A(ai)0&) + lim y^ +(A(6i)0a) 

n—>-oo ^ n—>-oo ^ 

i=l 2=1 

oo oo 

= X! + (A(ai)Ofe) + y] + {A{bi)<)a) 


2 = 1 


2 = 1 


and the formula follows. 


Let g = E 5i, = E hi where gi^hi G M®'^. The previous proposition implies that for every a G T: 


2 = 2 


2=2 


Xa>igh)= y^ ^{sa)* {A{g,)<)h) s + ^ ^{sa)* {A{h,)0g) s 

seL(a) 2=2 s^L{a) i—2 


□ 


Definition 27. We say that an element of J^s(M) is monomial if it is of the form vi.. .vi where each Vi is a legible element 
of SMq. 

Lemma 6.2. Let ug be a legible cycle of with u S monomial and let tp € M*. Then: 

r{Aiu)0g) e Ps{M)^\ 9) + {g)J^s{M)^^ 

Proof We have that u is of the form vi.. .vi where each Vi is a legible element of SMq. Therefore 

+ (A(ti?;2 ■ • ■ vi)<)g) = + (1 ( 8 ) Ti'y2 ... + i;i 0 T2 ... + ... + i;i... vi-i 0 vi) <)g 

= +(tiW2 ...Vig + V2... Vigvi + ... + vigvi ... vi-i) 

= 'ipivi)v 2 ...vig + 'ip{v 2 ) ■.. vigvi + ... + ip{vi)gvi ... vi-i 

and the latter element clearly belongs to Fs{M)-^{g) + {g)Ps{M)-^■ Q 

Proposition 6.3. Suppose that f,g G FsiM)-"^ and fg G {FsiM))cyc, then for every a G T: 

Xa*{f9)= 5(say{.f9)s 

s^L{a) 


lies in FsiM)^\f) + {f)Ps{M)^^ + Fs{M)^\g) + {g)Fs{M)^^. 
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Proof. Let W = Ps{M)-^{f) + {f)Ps{M)-^ + J^s{M)-^{g) + {g)Ps{M)-^, f = '^f„ and g = ^ We have that 


n=2 


n—2 


Xa-ifg)= hsarifg)^ 

s£L{a) 

oo oo 

sGL(a) n=2 sGL(a) ri=2 

We will show that the first summand of the above expression belongs to W ; the other case can be proved similarly. Every /„ is 

l(n) 

of the form /„ = where each is a monomial element of SMq and P G S. Then 


Thus 


l{n) 

A(/„) = ^A(/;)f+ ^/;A(f) 

/(n) /(n) 

A(/„)0ff = E A(/;)0f 5 + E 

i—1 i—1 


oo l{n) oo l{n) 

Sisar{f9)s= E EEM*(^(/n)o^*5)s+ E EEM*(/nA(t*)Off)^ 

sGZ/(a) ra=2 i=l s^L(a) n=2 i=l 

By Lemma [6.21 the first term of the above equality lies in W. The second term is equal to 

oo l{n) 

EE E M*(/nA(f)05)s 

Tl —2 2 = 1 

OO Kri) oo l{n) 

= EE E (■5«)*s-EE E 

n=2 i=l seL(a) n=2 i=l seL(a) 

oo l(n) oo l(n) 

= E E E S - E E E iafnt") S 

n=2 i=l seL(a) n=2 i=l sGL(a) 

Now consider the last two terms. The first term is equal to 

oo 

EE E 

n—2 i—1 sGL(a) 
oo 

= EE E 

rt=2 i=l r^L{a) 
oo / l(n) 

= E E E^/n^* 

n=2reL(a) ^1=1 

OO 

= E E ^sfnr) 

n—2 r£L{a) 

= E f^E/") 

rGL(a) V n—2 / 

= E i^^y(9f)r 

reL{a) 


Page 24 ofED 


RAYMUNDO BAUTISTA AND DANIEL LOPEZ-AGUAYO 


and this element lies in Ts{M)-{f) C W. The second summand is equal to 

oo d") 

H {sa)*{gfnf)s 

n=2 i=l s^L{a) 
oo d") 

= -fl {gf^f)s 

n=2 seL(a) i=l 

OO 

= -Y Y ^9fn) S 

n=2 seL(a) 


= - Y («“)* ( 5 X! 

s^L{a) 

= - Y isa)*{gf)i 

s£L{a) 

and this element lies in Ts{M)-^ (f) C W, completing the proof. 


n=2 

)s 


□ 


Proposition 6.4. Let P and P' be reduced potentials such that P' — P G R(P)^, then R(P) = R(P')- 

Proof. Since P is reduced then Xa* (P) G Js(M)-^. The set R{P)^ is the closure of the set formed by all finite sums of the form 

Y asbs with as,bsG R{P). Using PropositionESlwe see that Xa- a sbs'^ belongs to Ps{M)^^R{P) + R(P)Ps{M)^^. If z G 

R{P)^ then z = lim an where each is an element of the form \ Ughg with Ug, bg G R{P). Therefore Xa* (z) = lim Xa» {an) G 

Ps{M)-^R{P) R{P)Ps{M)-^- By assumption, P = Q + P' where QgR{P)^, hence Xa*{P) = Xa*{Q) + Xa*{P'). Using 

Proposition 16.31 once again, we obtain that Xa*{Q) G Ps{M)-^R{P) + R{P)J's{M)-^■ Therefore 

R{P) C RiP') + Ps{M)^^R{P)Ps{M)^^ + RiP)Ps{M)^^ 

It follows that 

R{P) c R{P') + RiP)Ps{M)^^ + Ps{M)^^RiP)Ps{M)^^ + PsiM)^^RiP) 

continuing in the same way, we get 

N 

R{P) C R{P') +Y^s{M)^'‘R{P)Ps{M)^^ 


L—k 




>n+2 


C R{P') + Ps{M)^ 

for every n. Therefore R{P) is contained in the closure of R{P') and thus R{P) C R{P'). We have that P — P' G R{P)^ C R{P')^, 
hence P — P' G R{P')'^, which implies that R{P) = R{P'). □ 


Proposition 6.5. Suppose that P and P' are reduced potentials in Ps(Ad) such that P' — P G R{P)^, then there exists an 
algebra automorphism cj) of X's(M) such that (j){P) is cyclically equivalent to P' and (j){u) — uG R{P) for every u G J's(M). 


Proof. We first prove the following 

Assertion 2. There exists a sequence of functions bn : T ^ bl R{P) with (phg = (j)Q = id satisfying the following 

conditions: 


(i) 6„(a) G J-5(M)^"+ini?(P). 
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(ii) P' is cyclically equivalent to (j)o4'bi ■ • ■ ( P + ^ s{c)6„(a(c))(5c* (P) . 

\ cgt / 

We construct the functions bn by induction on n. 

Suppose that n = 1. Then the potential P' — P is cyclically equivalent to E b{a)Xa*{P) with b{a) G P(P) C (since 

aeT 

P is reduced). Therefore 6 (a) G P(P) nPs(M)-^. Hence P' is cyclically equivalent to 

^+E E bia)S^sariP> 

a^T s^L{a) 

the latter element is cyclically equivalent to 

^+E E s 6 (a) 6 (,,).(P)=P + ^s(c)6(a(c))<5,.(P) 

a^T s£L{a) c£T 


Thus if we define 6 i : T —>■ Ps(M)-^ by 61 (a) = 6 (a), then 61 satisfies the conditions of the claim. Suppose now that for n > 1, 
we have constructed the functions 6 i, 62 ,..., 6 „ satisfying conditions (i) and (ii). Take (pb^, </'&„(«) = a + 6 „(a) and 6 „(a) G 
n P(P) for every a G T. 

By Lemma ITBl it follows that the potential Pq := pb^ (P) — P — ^ s(c)6„(a(c))(5c* (P) is cyclically equivalent to an element of 

cef 

Ps{M)-^P where I is the closure of the two-sided ideal of Ps{M) generated by the elements bn{a). Since 6 „(a) G p 5 (M)-"+^ fl 
P(P) and this is a closed ideal, then I C p 5 (M)-"+^ fl P(P). Hence Pq is cyclically equivalent to an element of 

Ps(m)^i(Ps(M)^’^+i n P(P ))2 c (Ps(m )^"+2 n p(p))p(p) 

On the other hand, Pq is cyclically equivalent to the potential 


(-P) - -P - E bn{aic))6,. (P)s(c) 

cef 

= 4„(P) - P- E E ^isariP)s 

a^T s^L{a) 

= PbAP) - P -Y.^n{a)Xn*{P) 

aeT 

thus (pbPP) — P — bn{a)Xa*{P) is cyclically equivalent to Pq and the latter is cyclically equivalent to an element of R{P)^. 

aeT 

Therefore (pbn{P) — P is cyclically equivalent to an element of R{P)^. By Proposition 16.41 we have that R{(j)b„{P)) = R{P)- 
Applying Theorem 15.31 yields R{P) = P(<('&„(P)) = (/>b„(P(P)). Note that an element of (p 5 (M)-”+^ 0 P(P))P(P) is of the 

i{r) 

form lim Ur where Ur = 7 Xiiji with Xi G Ps(M)-”+^ 0 P(P) and yi G R{P)- Also Xi = <(){,„(a:'), yi = ptniVi) where x' G 

r—>-oo * ^ 

Ps(M)^-+2nP(P),j/'GP(P). 

Thus 

/^(r) \ 

Ur = I ^ x[y[ 1 = (pbn (Zr) 

where G (Ps(M)^"+2 n P(P))P(P). 

Then lim Ur = lim (pb^izr) = ( bm Note that lim Zr G (p 5 (M)-"“''^ nP(P))P(P). 

r—>-oo r—^00 \r—^oo / r—^oo 

The above implies that </>(,„(P) — P — ^ s(c)6„(a(c))(5c*(P) is cyclically equivalent to an element of the form (j>br,{z) with 

cef 
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z e n R{P))R{P). 

It follows that — z is cyclically equivalent to an element of the form 

^u(a)Xa.(P) 

aeT 


with u{a) G fl R{P)- We have Y,’‘Mx,.(p) = Y, E u{a)6(^sa)» {P)s and this element is cyclically equivalent 

a^T a^T s^L{a) 

to E E S'u(a)^(sa)*(P) = E s{c)u{a)dc*{P)- Therefore <^b„(P) — P — s(c)&„(a(c))5c* (P) is cyclically equivalent to 

oGT seL{a) cGT cGT 


-<^b„ 1 s{c)u{a)6c-(P) 


\ceT 


Let bn+i : T —>• PsiM)- be defined by 6„+i(a) = u(a) for each a €T. Then 


</'o • ■ ■ 4)b^-Abr.{P) - </>o ■ • ■ I P - E s{c)hn{a{c))5c-{P) 


c€T 


is cyclically equivalent to 


— </>0 • ■ • 4>b„ E s(c)&„+i(a)5c*(P) 


VcGT 


Therefore 0o ■ • ■ (P) + 0o • ■ • I E 'S(c)&n+i(a)^c* (P) is cyclically equivalent to 

VcGT / 

00 • ■ • 0b„_i ^P - E s(c)6„(a(c))(5c* (p) j 

which by induction hypothesis is cyclically equivalent to P'. This shows (i) and (ii) for n + 1, proving the claim. 
We now establish the original proposition. Note that condition (i) implies that for each u G Ps(M): 

0O0bi • ■ •0b„_i0b„(M) - 0O0bi • --(lib^^iiu) G Ps(M)^"+^ 


thus the sequence {0o0bi • • ■ 0b„(w)}nGN is Cauchy and hence converges. Consequently, there exists an automorphism 0 of Ps(M) 
such that for every u G Ps{.M) we have 0(u) = lim 0o0bi ■ • ■ 0b„(w)- In particular 

n—^oo 

4>{P) = lim 0o0bi ■ ■ ■ 0b„ (P) 

n—^oo 


For every n we have 


0O0bi ■ ■ ■ 4>b^{P) = P' “ E s{c)bn{a{c))5c*{P) + Zn 

cef 

where z„ G [Ps(M), J^s(M)] satisfies z„+i — z„ G Ps(M)-"'+^. Therefore {z„}„gN is Cauchy and z= lim z„ G 

n—¥oo 

[Ps(M),Ps(M)]. Furthermore, r„ = s(c)6„(a(c))(5c* (P) G Passing to the limit yields 

cef 

0(P) = P' — lim r„ + lim z„ 

n—^oo n—^oo 

= P' + z 
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It follows that (j){P) is cyclically equivalent to P', as desired. □ 

Definition 28. An algebra with potential is a pair (J^s(M),P) where P is a potential in Ps{M) and Mcyc = 0. 

Definition 29. Let {Ps{M),P) and (Ps(M'), P') be algebras with potential. A right-equivalence between these two algebras 
is an algebra isomorphism (j) : Ps(M) —>• Ps{M') with (j)\s = ids such that (j){P) is cyclically equivalent to P'. 


Definition 30. Let P be a quadratic potential in PclM). We say P is trivial if the S'-bimodule generated by the set 
{Xa^P) : o G P} equals M. 

Proposition 6.6. Let P and P' be reduced potentials in Ps(M) 9,nd W a trivial potential in Ps(C) where C is an S'- 
bimodule Z-freely generated. Suppose there is a right-equivalence between (Ps(M © C), P + W) and (Ps(M © C), P' + W), 
then there exists a right-equivalence between (Ps(M),P) and {iFs{M), P')- 


Proof. Suppose that M and C are Z-freely generated by the Z-subbimodules Mq and Co, respectively. Then M = SMqS 
and C = SCqS. Therefore M © C = S(Mo © Co)S = S (Mq © Cq) ©z S. Let Tm be a Z-local basis for Mq and Tc a Z-local 
basis for Cq. We have Tm U Tc is a Z-local basis for Mq © Cq. Associated to the Z-local basis Tm for Mq we have an S-local 
basis Tm for Ms] similarly, there exists an S-local basis Tc for Cg. Therefore Tm U Tq is an S-local basis for (M © C)s. We 
have 


( 1 ) Ts{M®C)=Ts{M)®L 

where L denotes the closure of the two-sided ideal of Ps{M © C) generated by C. The following equalities hold: 

(2) R{P + W) = R{P)®L 

(3) R{P' + W)= R{P') © L 

Indeed, P(P + W) is the closure of the ideal of Ps(M © C) generated by the elements Xa*(P + W) where a G Tm U Tc. If a G Tm, 
Aa.(P + W)= ^ S^say{P + W)s= ^ S(^sap{P)s. If aeTc, Xa^{P + W) = ^ S(^sayiP + W)s= Y. S(^say{W)s. 

sGL{a) sGL{a) sGL{a) s^L{a) 

Therefore R{P + W) is the closure of the ideal of Fs{XI © C) generated by the elements Xa*{P), a G Tm and the elements 
A„.(IT) where u G Tc; these last elements generate C as an S-bimodule (since W is trivial), this implies (2) and (3) can be 
proved similarly. 

Now let (j) be an algebra automorphism of J-s{M © C) with (j)\s = ids such that (j){P + W) is cyclically equivalent to P' + W. 
Then (3) implies that 


c/>(R(P + IT)) = R(</>(P + IT)) 
= R(P' + IT) 

= R(P') © L 


We obtain 


(4) (^(P(P + IT)) = R(P') © L 


Let p : Ps{M © C) ^ Ps(M) be the canonical projection induced by the decomposition given in (I). Note that p is continuous. 
Consider the morphism 


Ip = po (j}\jr^(^M) ■ Xs{M) -y Ps{M) 

Remark that (p is determined by a pair of S'-bimodules morphisms : M (B C ^ M Q) C and : M (B C ^ Ts(Af © C)-^. 
Since p is an automorphism of fFs{X[ © C) then p^ is an isomorphism of S'-bimodules and thus it has a matrix form: 




(Pc, 


M 


(pc,c. 
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The inclusions C C L C R{P) 0 L imply that (l){C) C (j){R{P) 0 L) = 4>{R{P + W)) = R{P') 0 L, the last equality follows 
from (4). Since P' is reduced then R{P') S Ps{M)-^. The fact that (t>\f c = ttm o o ctc implies that — 0- Therefore 

4’\i M is an isomorphism of S'-bimodules. Since V'Im = po ^|m '■ M —>■ M 0 C 0 Ps{M)-^ then = (j)\^ and thus is an 
isomorphism of S'-bimodules. We conclude that ijj is an algebra automorphism of J's(M). Note that il;{R{P)) is a closed subset of 
J's(M) and thus p“^(^(i?(P))) = (j){R{P)) 0 L is closed as well. Since (j)~^ is an automorphism of Ps{M 0 C) such that P -\-W 
is cyclically equivalent to (l)~^{P’ 0 W), then (j)~^{R{P' j) 0 L is closed. We obtain 

R{P') 0 4>(.L) is a closed subset of Ps{M 0 C) 

Let us show the following inclusion holds 


L C R{P') 0 (j){L) 

From (4) we deduce that (j}{R{P)) C R{P') 0 L. Since R{P) S then (j){R{P)) C 0's(M 0 (7)-^. If z € 4>{R{P)) then 

z = ^ 0 A with p G R{P') Q and \ G L. Therefore X = z — p G Ps{M 0 C)-^ fl L. Thus X G UL + LU where U = 

Ps{M 0 C)-^. Consequently 


(5) (l){R{P)) <G R{P')+ UL +LU 

Then: L C R{P') + L = R{P' + W) = R{(j){P 0 W)) = (j){R{P 0 W)) = <i){R{P) 0 L) = <i>{R{P)) 0 <i>{L) C R{P') 0 </.(L) + UL + 
LU. We deduce L C R{P') + ^(L) 0 UL 0 LU. Substituting this equation into the right-hand side of (5) yields 


L C R{P') 0 (j){L) 0 U{R{P') 0 (t>{L) + UL + LU) 0 (i?(P') 0 (/'(L) + UL + LU)U 
C R{P') 0 <j){L) 0 U'^L 0 ULU 0 LU'^ 

continuing in the same way, for every n > 0 we obtain 


L C R{P') 0 ^(L) 0 U'^LU^-'^ C R{P') 0 0(L) 0 [/’" 

k=Q 

Therefore L is contained in the closure of R(P') + 4>{L)^ but (3) implies this set is closed, hence L C R{P') 0 (j>{P) the 
inclusion L C R{P') + (l>{L) is established. 

By using the symmetry between R{P) and R{P') we obtain 

L C R{P) + cj)-\L) 

and applying (j) to this expression yields 

(6) <^(L) C </,(i?(P)) 0 L 

Therefore 

(7) p(</.(L))Cp(<^(i?(P))=^(i?(P)) 

It follows that (j){P + W) = (j){P) + (j){W) is cyclically equivalent to P' + W. Thus p{(j){P)) + p{(j){W)) = tj;{P) + p(j){W) is 
cyclically equivalent to p{P' 0 W) = P'. This implies that ^^{P) — P' is cyclically equivalent to —p{4>(W)). Since W G C®^, 
then 

piHW)) C p(.^(C®2)) = = ^(C)2 

Equation (7) implies that p{(f){C)) C p{(j){L)) C i/;(_R(P)). Consequently, iIj{P) — P' is cyclically equivalent to an element of 
V^(P(P))2 = R{^{P))\ 

By ProDOsition lb. 51 there exists an automorphism p of Ps{M) such that p{'tjj{P)) is cyclically equivalent to P'. The result follows. 

□ 
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7. Quadratic potentials 

Recall that for each i £ {1,2,..., n}, L{i) = Ld CiS is an F-basis for Di = aS. In what follows, if £ L{i), then e* is the 
F-linear map Di ^ F such that (ei)*(ei) = 1 and {ei)*{t) = 0 if t £ L{i) \ {ci}. We will assume that each basis L{i) satisfies the 
following conditions: 

(1) Ci £ L{i) and if £ L(i) then e*{st~^) ^ 0 implies s = t and e*(t“^s) 0 implies s = t. 

(2) If c{i) = [A : F] then char(F) { c{i). 

We remark that such bases exist: let A be a finite-dimensional associative unital algebra over a field F. We call a vector-space 
basis of A semi-multiplicative if the product of any two-basis vectors is an F-multiple of a basis element. One can check that if 
Lii) is a semi-multiplicative F-basis of Di and char(F) { [Di : F] then the basis L{i) satisfies (1). 


Example 4. Let HU denote the ring of quaternions then {l,i,j, k} is a semi-multiplicative basis. 

Remark 6. Suppose that Li is an F-basis for the field extension Fi/F and F 2 is an Fi-basis for the field extension F 2 /F 1 . 
If both Fi and L 2 satisfy condition (I), then the F-basis L := {xy : x £ Li,y £ F 2 } for F 2 also satisfies (1). 

This can be shown as follows. Given y € L 2 we have the Fi-linear transformation y* : F 2 ^ Fi induced by the dual basis 
of L 2 and for each x £ Fi we also have the F-linear transformation x* : Fi —^ F. Therefore for xy £ L the composition x*y* : 
F 2 —>■ F is an F-linear map. Note then that x*y* = (xy)*. Now suppose that xy.xiyi £ L and that 0 ^ e*(xy(xiyi)“^). Then 
e*(xy(xiyi)“^) = e*(xx)"^e*(yyf^)). Thus e*(yyf^) ^ 0 and y = yi. This readily implies that e*(xx)"^) ^ 0 and hence x = xi, 
as claimed. 


The above remark provides the following 

Example 5. Let F/F be a finite field extension. If Gal{F/E) is a solvable group, and if F contains a primitive root of unity 
of order [F : F], then the extension F/F has a basis satisfying condition (1). 

Proposition 7.1. The set {s“^|s £ F(i)} is an F-basis of Di. 


Proof It suffices to show that {s ^|s £ L{i)} is linearly independent over F. Suppose we have a linear combination: 

AsS“^ = 0 

s£L(i) 

with As £ F. Let t be an arbitrary element of F(i), then 


Therefore 


AtCi -l- ^ ( s ^tXg — 0 

S^t 


0 — e* I XtCi -f 


s^t 


fAs 


At + 'y ( Ase*(s ^t) — At 

t^S 


Thus At = 0 for every t £ L{i). □ 

In what follows, if s £ L[i) then (s“^)* is the F-linear map Di ^ F such that (s“^)*(t“^) = 1 for t = s and 0 if t ^ s for 
t £ L{i). 


Proposition 7.2. For each t,ti,s £ L{i) we have 
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rCL(i) 

Proof. We have 

st = r*{st)r 

rCL(i) 

riCL{i) 

Therefore 

t^h= 

applying e* on both sides yields 

r,ri£L{i) 

rCL(i) 

The result follows. 

□ 


Proposition 7.3. For each r,ri, s € L(i) we have 

teL(i) 

Proof. Define square matrices of order c{i) with entries in F as follows. Let A = [ap^q(s)] where ap^q{s) = p*{sq) and B = 
[^g,/t(s)] where bg^h{s) = {h~^)*{g~^s~^). Using Proposition 17.21 we have that BA equals the identity matrix. Thus AB = I and 
the result follows. □ 

Proposition 7.4. For each s,si,t G L{i) we have 



rCL(i) 

Proof We have 

st = Y^ r*{st)r 

rCL(i) 

r^s-^ = Y (d 

rieL(i) 

Therefore 

r,ri£L{i) 


applying e* on both sides yields 


The result follows. 

5s,s^= Y ^)*(^ 

reL(i) 

□ 
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Proposition 7.5. For each r,ri,t S L{i) we have: 

= Sr,r, 

sGL(z) 


Proof. Define square matrices of order c{i) with entries in F as follows. Let A = [ap^q(t)] where ap,g(t) = q*{pt) and B = 
where bg^h{t) = The previous proposition implies that AB = /, hence BA = I and the result follows. □ 

Let P be a potential in Ps{AI). For each '0 G M* we set ^ (HP)) ^ £ Ps{M), where by abuse of notation 

_ sCL 

"05“^ denotes the P-linear map as in Definition 1131 this gives an P-linear map: 

XP : M* ^ Xs{M) 

Note that ii ijj = then X^{'ip) = 'ijjs~^{S{P))s. 

s^L{i) 


Proposition 7.6. The correspondence X^ : M* —>■ Ts{AI) is a morphism of S-bimodules. 


Proof. Clearly X^ is a morphism of left S'-modules. It remains to show it is a morphism of right ^-modules. It suffices to 
show that ii Ip = ejipei and s G L{i), then X^{'tps~^) = X^{ip)s~^. Using Proposition 17.51 it follows that 


X^{ips 

w£L{i) 

= 'Y^ {r~^)*{s~^w~^)ipr~^{6{P))(ws)s~^ 

w ,r^L{i) 

= 'Y^ {r~^)*{s~^w~^)'ipr~^{6{P))rirl{ws)s~^ 

w,r,ri^L{i) 


= ^ tpr ^{6{P))ri I ^ r*(r(;s)(r ^)*(s ^) | s ^ 

= Y tpr~^{S{P))riSr,riS~^ 

r,ri£L{i) 


= ^ V'?' \b{P))r I s ^ 

\reL{i) 


□ 


Proposition 7.7. 


The ideal R{P) is equal to the closure of the ideal generated by all the elements X^{ip) with ip G M* 


Proof By definition, R{P) is the closure of the two-sided ideal generated by all the elements Xa* (P) with a G T. It suffices 
to show that if '0 G M* then X^{'tp) G R{P). Note that the elements (so)* form an S'-local basis for sM*; thus we can find 
elements As,o G S such that ip = ^ As,a(sa)*. Therefore: 

sa 


= Y ^s.aX^iisa)*) = Y ^s.aXP{a*s-^) = Y K,aX^{a*)s-^ 


sa 


sa 


sa 


Hence X^(ip) G R{P). 


□ 
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Suppose that P is a quadratic potential, then the map induces a morphism of S'-bimodules: 

:M* ^ M 


Definition 31. Let P be a quadratic potential. We say that P is trivial if the map X^ : M* — >■ M is an epimorphism of 
S'-bimodules and hence an isomorphism. 

i 

Example 6. Suppose that P = Uibi where {oi ,... ,ai,bi,..., bi} is a Z-free generating set of M, then P is trivial. 

i=l 


Proof. We have 

X^K)= E <s-i(<5(P))s 

s^L{(T{au)) 

= E als~^ {'^{aibi + bitti) \ s = bu 

sGL({7(au)) Vi—1 / 

similarly X^(6*) = a„. Thus {ai,... ,ai,bi,... ,bi} C Im{X^) and since X^ is a morphism of S-bimodules, Im(X^) is an 
S-subbimodule of M containing the generators {oi ,... ,ai,bi,... ,bi}. It follows that X^ is a surjection. □ 

Remark 7. An S-bimodule M is Z-freely generated if and only if M = 0 {Di Dj) with m{i,j) a non-negative integer. 


In what follows, given a quadratic potential P, we set ^(P) = Im{X^) where X 
induced by the potential P. 


^ : M* —>■ M is the morphism of S-bimodules 


Definition 32. We say that a quadratic potential P G Fs{M) is decomposable if S(P) is Z-freely generated. 


Definition 33. Let P be a potential in iFs{M) and P*^^^ the quadratic component of P. We define ^ 2 (P) = 

Proposition 7.8. Let cj): Ts{M) —>■ XsiM) be an algebra automorphism determined by the pair and let P be a 

potential in iFs{M), then S 2 ((/>(P)) = (j)^^\'E. 2 {P)). In particular, if ij) is a unitriangular automorphism then — ^ 2 {P)- 

Proof For each m G M we have (to) -1-(^(^)(to) with (j)P^m)GM, (to) G Then (^(P))^^) = 

Therefore S 2 (<))(P)) = (P^^^)). Let ip : Fs{M) —>■ fFs{M) be the automorphism extending Then 


S(0W(p(2)))=S(^(p(2))) 

= MnP((/3(p(^))) 

= Mnv9(p(p(2))) 

= (/9(MnP(p(2))) 

= </>^'HS2(P)) 

This completes the proof. □ 


Lemma 7.9. Let a, a' G T{i,j) and y G M. Then 


Xa»{a'y) = y6a,a' 
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Proof. Suppose that y = ^ fs,t,bsht where sb G ejMcu and fa,t,b G F, then sb ^ a for all sb G CjMcu. Then 

s,teL,beT 

Xa*{ay)= ^ fs,t,bXa*iasbt) 

s,teL,beT 

= X! fs,t,b^{ra)* {S{asbt))r 

s,teL,beT r^L 

= X! fs,t,b^{ra)* {S{tasb))r 

s,teL,beT r^L 

= ^ fs,t,by^Xra)*{tasb + sbta)r 

s,teL,beT reL 

= ^ fs.t.bsbt 

s,teL,beT 

= y 

and the lemma follows. 


□ 


Let M be an S'-bimodule Z-freely generated and let /C denote the set of all pairs (i,j) such that CiMej ^ 0, ejMci ^ 0 and 
dimi?(eiMej) < dimir(ejMei). In what follows let iV> = ejMci, CiMej and N = {ciMej +ejMei). 

(i.i)e/C (i.j)G/C b.i)G/c 

Proposition 7.10. Let P be a quadratic potential, then P is cyclically equivalent to the potential 


Q= aX^{a*) 

aeT< 


where = T fl . 

Proof. It is clear that P is cyclically equivalent to a potential in . Therefore P is cyclically equivalent to a potential 

that is an F-linear combination of elements of the form taz where t G L{a{a)), a G T‘', z G . Hence P is cyclically equivalent 
to a potential of the form Q = aya where ya G . Let oq G then Lemma [7j9] implies that 

aeT< 


XPia*) = XQ{a*)= Xa^^{aya)=yao 

aeT< 


This completes the proof. □ 

Definition 34. Let F be a quadratic potential in Xs{M). We say P is maximal if the map X^ : M* —>■ M induces a 
monomorphism from {N^)* to N'^. 

Remark 8. Note that since S ®f S°p is a self-injective finite dimensional algebra then every projective S'-bimodule is an 
injective S-bimodule. In particular, if is a Z-freely generated S-bimodule then N is an injective S-bimodule. This implies that 
every .Z-freely generated S-subbimodule of M has a complement in M and in fact this complement is also Z-freely generated. 

Corollary 7.11. Let P be a maximal potential, then P is cyclically equivalent to a potential of the form 

Q= ^ afa 

aeT< 


where the set {fa}aeT< Is contained in a Z-free generating set of . 
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Proof. Since P is maximal then the map : M* M induces an injective map of S'-bimodules : (N^)* —>■ and thus 

X^ induces an isomorphism of S'-bimodules between (N^)* and Im(X'^). Hence Im(X^) is Z-freely generated by fa := X^{a*), 
a€ T^. Because both Im(X'^) and are Z-freely generated, then by Remark [8] there exists an S'-subbimodule, Z-freely 
generated, N' of such that Im(X^) (B N' = . It follows that if {7 is a Z-free generating set of N' then {/a}aGT< U C/ is a 

Z-free generating set of . The result follows. □ 

We will see that every trivial potential is cyclically equivalent to a potential as in Example [51 


m 

Proposition 7.12. Let P be a trivial potential in Ts{M), then P is cyclically equivalent to a potential of the form higi 

i=l 

where {hi ,..., hm,ffi,. •., ffm} Is a Z-free generating set of M. 


Proof Let M'' = CiMcj and CiMcj. Note that P is cyclically equivalent to a potential of the form 

ip i,j 

i<j i>j 


p'= 

aeTnM< 

Since P is trivial then, the set {X^{a*) : a G T D M<} is a Z-free generating set of M>. Therefore {a : a G T fl M<} U 
{X^{a*) : a G T n M<} is a Z-free generating set of M. □ 

Proposition 7.13. Let P be a trivial potential in fFsiM), then given a Z-local basis T of Mq, there exists an automorphism 
ip : M ^ M of S-bimodules such that its extension to an algebra automorphism (p of iFs{M) has the property that 4>{P) is 

m 

cyclically equivalent to Uibi with {oi,..., am, &i, •. ■, &m} = T. 

i=l 

Proof. By Proposition 17.121 we have that P is cyclically equivalent to a potential: 

m 

<5 = ^ hig^ 

i=l 

where W = [hi ,..., hm,gi, ■ ■ ■ ,5m} is a Z-free generating set of M. Therefore there exists an automorphism of S'-bimodules 
(fi of M mapping W onto T. Let </> denote the extension of (p to an algebra automorphism of fFs{M)- Then (piP) is cyclically 

m 

equivalent to Q = Uibi where {oi,..., Om, bi,..., bm} = T. □ 

i=l 

Proposition 7.14. Let P be a decomposable quadratic potential in PsiM), then P is right-equivalent to a potential of the 

i 

form Q = Uibi where {ai,... ,ai,bi,... ,bi} is a Z-local basis of a Z-direct summand of Mq. 

i=l 

Proof. Let P be a quadratic potential, then Proposition 17.101 implies that P is cyclically equivalent to the potential 

Q = ^ aX^{a*) 

aeT< 

Let V = {zi ,..., z;} be a Z-free generating set of Im(7f^). Therefore for each a G we have 

X^(a*) = tiZiSi 

zG/(o) 


for some finite set 1(a) and ti,Si G S. Then 
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Q = ^ ^ atiZiSi 

Thus Q is cyclically equivalent to a potential of the form 

Q' = ^ Zjhj 

3 

where hj G M. Since Im(X^) and M are both Z-freely generated, then by Remark |8] there exists an S'-subbimodule Mi of M, 
which is Z-freely generated and such that M = Mi © Im(X^). Let Ti be a Z-local basis of Mi, then there exists an automorphism 
of S'-bimodules (ft : M ^ M such that (^{Ti VJV) = T. Now let Lp be the algebra automorphism of J-s{M) extending </), then p>{Q') 
is cyclically equivalent to the potential 


betpiv) 


where gb G M. Note that by Lemma 17751 gb = ( 6 *). Since P is cyclically equivalent to Q' then (p{P) is cyclically equivalent 

to Q". Therefore 5(Q") = E{ip{P)) = (j){E{P)) = S(j){V)S. Thus gb G S(j){y)S and therefore Q” is a quadratic potential in 
PsiS(j){V)S) with eIq") = S(j){V)S and hence Q" is trivial. The result follows by applying Proposition [7331 □ 

N 

Let P = Uibi + P' he a, potential in PsiM) where A = {oi, 6 i, 02 , 62 , • ■ ■, oa, is contained in a Z-free generating set T 

i—1 

of M and P' G PsiAI)-^- Let Li denote the complement of A in T. Let Ni be the F-vector subspace of M generated by A and 
let N 2 be the F-vector subspace of M generated by Fi, then M = Mi © M 2 as S'-bimodules where Mi = SNiS and M 2 = SN 2 S. 

We have the following splitting theorem. 


Theorem 7.15. There exists a unitriangular automorphism (j) : Fs(M) — >■ Ps{XI) such that (j){P) 

N 

a potential of the form mbi + P” where P” is a reduced potential contained in the closure of the 

i=l 


N 

and ajbi is a trivial potential in Fs(Mi). 

i=l 


is cyclically equivalent to 
algebra generated by M 2 


We first show the following. 


Lemma 7.16. The potential P is cyclically equivalent to a potential of the form: 

N 

Fi = ^ {uibi + GtVi + Uibi) + F" 

i=l 

where ai,bi belong to a Z-free generating set of M, Vi,Ui G Ps{M)-'^ and P" G Fs(M)-^ is a reduced potential contained in 
the closure of the algebra generated by M 2 . 

CO 

Proof Let us write P' = Dn where G M®” and n > 3. Now write each as where G M®”. Let 

n=3 j 

Ofe, where k G {1,2,..., N}, be such that Ofc appears in the decomposition of = ruj^i ... mj^n- Suppose that = Uk for 
some i G {1,2,. .., n}. Then 


TTlj \ . ..Tflj i— 1 TTlj iTTlj i^i.. .TTlji^n 


fTlj i ...Tflj -fi 
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Note that and the term on the right-hand side belongs to the commutator. Therefore if 

• ■ •, n {oi,..., Oat} ^ 0 then 

(n) (n) I (n) 

where G and G [J's(M), J's(M)] n M®". 


Suppose now that {wj,!, Wj, 2 , ■ • ■, Wj,™} bl {oi,..., ojv} = 0 but that , w,-,n} fl {6i,..., &Af} ^ 0. 

Let bk, where k G {1, 2,..., A^}, be such that bk appears in the decomposition of fJ-j- Suppose that rrij^i = bk for some 
i G {1,2,..., n}. Then 

Tfl j \ . .b l^bj .. .Tfl j n, — ...TTij “t“ ( .. .777.j^i_ l6/e) (r77.j^2-|_l.. 

Consequently where G M®(”“^) and G [J^ 5 (M), J^ 5 (M)] flM®”. Therefore 

3 

N 

fc=i i 
N 

— ^ ^ ' (Qfcl’Afc "b X^i^bk) + hn,k + ^n.fe 

fc=l j 

where G J^ 5 (M)] fl M®” and tn,k G M®" is a potential contained in the closure of the algebra generated by M2. 

Therefore 

OO 

P' = Y.Dn 

n—3 

OO / TV 

^ ^ I ^ ^ ^ “t“ + tn fi 

n—3 yfc—1 j 

N OO 




n=3 

N 


n—3 n—3 


- X! X! X! + X! + X! ^" + X! 


A;=l j 
N 


\n—3 


\n—3 


n—3 n—3 


— ^ ^ ^ + Uj^k^k) + P" + h 


fc=i j 


where := ^ v^^., Uj^k ■= ^ X^^., P" := ^ t„ and h = ^ hn- By construction, we have that A"^, G M®^” for 

n=3 n=3 n=3 n=3 

each n. Since n > 3 then Vj^k G Similarly, it follows that A"^, G Fs{M)-^. Since each t„ is a potential contained in the 

OO 

algebra generated by M 2 then P" — ^ tn is a reduced potential contained in the closure of the algebra generated by M 2 ■ Thus 


n—3 


N 


P — ak^k + P' 

k^l 

N N 

= ^ akbk + ^ + Uj^kh) P P" P h 

k—l k—1 j 

N 

= '^{akbk + akVk + Ukbk) P P" P h 
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N 

The above implies that P is cyclically equivalent to the potential ''^{aibi + UiVi + mbi) + P". 

i=l 


□ 


Definition 35. An algebra morphism </) : Ps{M) —>■ Ps{M) has depth d if (j)\s = Is and if for each m £ M we have that 
= m + m' where m! € 7^s(M)-‘^+^. 


Definition 36. We say that a potential P £ 7^s(M) is d-split if 

N 

P = ^ {ttibi + GiVi + Uibi) + P' 

i=l 

where the elements ai,bi belong to a Z-free generating set of M, m, Vi £ and P' is a reduced potential contained 

in the closure of the algebra generated by M 2 . 


Lemma 7.17. Let P be a d-split potential in Ps(M). Then there exists an algebra isomorphism (p : Ps(M) —^ Ps(M) having 
depth d and such that 


P(P) =P + h 

where h S Js(M)-^'^+^ fl [PsiM),PsiM)] and P is a 2d-split potential. 
Proof. By assumption P has the form 


N 

P = ^ {ttibi + ttiVi + Uibi) + P' 

i=l 

where the elements bi belong to a Z-free generating set T of M, m, Vi £ and P' is a reduced potential contained 

in the closure of the algebra generated by M 2 . Let p : Ps(M) —>• Ps(M) be the unitriangular automorphism given by 0|s = Is, 
(j){as) = Us — Us, Pibi) = bi — Vi and (^(c) = c for c £ Li. Let us show that (p is of depth d. Let m £ M, then m = XiGiX) + 

i 

J2l3^b^|d' + J2 IkCkl'k where Xi, X), Pi, £ S. Applying p yields 

i k 

4>{rn) = ^ (piXiG^X)) + ^ PiPibiP'P) + ^ 7feCfc7fc 

i i k 

= xkCkik 

i i k 

= ^ 7feCfc7fc 

i i k 

= ^ X^{ai - u^)Xl + ^ - v^)Pl + ^ 7/cCfe7fe 

ilk 

= ^ XiGiX) + ^ P^b^P) + ^ 7feCfc7fc - X! ^*'“*-^* “ X! 

i i k i i 

= m + m' 

Since P is d-split then m' := — ^ XiUiX) — ^ PiViP'i £ thus p is of depth d. 
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On the other hand (j){us) = Ug + u'g, (j){vs) = Vg +v'^ where u'g,v'g G . We obtain that 

HP) = X! “ Ui){vi + v[) + (u^ + u[){b^ - Vi)) + P' 

i 

= X] + Pi + P' 

i 

where Pi = — ^ {uiVi + Uiv'i + Hvi) G Using Lemma [7.161 we have that 

i 

Pi = {aiVi + u'i'bi) + P" + h 

i 

where u^Vg G h G O [J^s(M), J^s(M)] and P" is a reduced potential contained in the closure of 

the algebra generated by M 2 . Therefore 


4>iP) — 'y ^ {dibi + div'i + u'ibi) P Pi P P' 

i 

— ^ ' {dibi P div'i P u'ibi) + ^ ^ {div'i' P u'ibi) P P' P P" + h 

i i 

= ^ {dibi P ai(w' + v'l) P [u'i P u-)bt) P P' P P" P h 


I 


Setting P = ^2 + H) + Hi + u'^bi) P P' P P" 

[Ps{M),Ps{M)]. 


yields that P is a 2d-split potential and h G Ps(M)-^‘^+^ O 


□ 


We now prove Theorem 17.151 

Proof. Using repeatedly Lemma 17.161 we construct a sequence of potentials {PijigN, a sequence {hi}i^fi where hi G 
[Ps(M), Ps(M)] and a sequence of unitriangular automorphisms {<pi}ien with the following properties: 

(i) H is of depth 2L 

(ii) Pi is a 2*-split potential. 

(iii) h,+ i^e PsiM)2^+2. 

(iv) H{Pi) = Pi +1 + H+ 1 - 

Consider the sequence of automorphisms Since H+i has depth 2”+^ then, for every a G Ps(M) we have that 

H+Hn ...(/>!(a) - HH-I • ..</)!(a) G Ps(M)^2"’^^ 


Then for each a G Ps{M) the sequence {(/>„(/)„_i(a)... ^i(a)}„gN is a Cauchy sequence and thus lim (jin ■ ■ ■ </>i(a) exists. We 

n—^oo 

obtain the following automorphism 


(j) = lim (/)„... (/)i 

n—^oo 


Therefore 


4 >{P) = lim (^„ ... 4)1 (P) 

n—>-oo 


4>n ■ ■ ■ HiP) — Pn+1 + hn+l P (pnihn) + 4’n4’n-lHn-l) + ... + (/>«... HHl) 


Then 
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Note that (j)n{hn) & Thus the sequence {hn+i + (t>n{hn) + 4’n4’n-i{hn-i) + ... + converges and 

therefore {Pn}nen converges as well. 

The potential is 2"-split, hence 

N N 

Pn = 0,ibi + + Pn 

i —1 2—1 

N 

where u2,v^ S and P^ lies in the algebra generated by M 2 . The sequence {tnjnGN given by ^ (oiv" + u^h) 

2 — 1 

converges to 0 and therefore the sequence converges. We obtain 


(j){P) = \im 4>i (P) 

n—>-oo 
N 

= ^ Qibi + P' + h 

2^1 

where P' = lim is a reduced potential contained in the closure of the algebra generated by M 2 . Also 

n—>-oo 

h = lim {hn+l + 'pniK) + 4>n(l)n-l{hn-l) + . . . + (j)n4>n-l ■ ■ ■ (j)l{hl)) 
n—¥oo 

N 


is an element of [Ps{M), Ps{M)]. Since (j){P) = ^^Uibi + P' + h and h G [Ps{M), Ps{M)], then (j){P) is cyclically equivalent 

N 

to ''^Qibi + P', as claimed. 


i=l 


□ 


8 . Mutation of potentials 

Let L be a Z-local basis for S, then for each i we have that L{i) = L fl CiS is an F-basis for the division ring Di = CiS. 

Let Ml and M 2 be Z-freely generated F-bimodules of finite dimension over F. Suppose that Ti and T 2 are Z-free generating 
sets of Ml and M 2 respectively. In what follows, if a is a legible element of Mi or M 2 such that eiaoj = a we let a{a) = i and 
■’■(fl) = j- For each u = 1, 2 an S'-local basis of {Mu)s is given by T„ = {sa : a G T„, s G L{a{a))} and an S'-local basis of s{Mu) 
is given by = {as : a G T„, s G L(r(a))}. We will analyze the morphisms of S'-bimodules from Mi to ^ 3 (^ 2 )-^ by looking at 
morphisms of right S'-modules. First note that: 

Fs{M2)^^ = 0 sbFs{M2) 

sb^'T '2 

A morphism of right S'-modules ip : Mi —>■ Fs{M 2 )-^ is completely determined by the images of the elements of the local basis 
fi of (Mi)s: 


(A) Lp{sa) = y] tbCtb,sa 
thefa 

where Ctb,sa G GT(b)J's{M 2 ) are uniquely determined. 

Proposition 8.1. Let p : {Mi)s —>• {Fs{M 2 ))^^ be given by (A), then the following assertions are equivalent: 

(i) If is a morphism of S-bimodules. 

(ii) For s G L{a{a)) and si G Fcr(a) we have 

r* isit)Ctb,sa = y] W*{sis)Crb,wa 

t^L((T{b)) W^L((T{a)) 

(hi) For r G L{a{b)) and si G L{a{a)) we have 
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r*{sit)Ctb,a 


Crb. 


,sia 


Proof. We now show (i) implies (ii). Note 


Also 


(p{sisa) = w*{sis)ip{wa) = '^w*{sis)rbCrb,wa 


w^L{<T{a)) 


si(f{sa) = SitbCtb.sa = r*{sit)rbCtb,sa 

tb tb,r 

Since (p{sisa) = siip{sa) then (ii) follows. Note that (ii) implies (hi) by setting s = e^t^a) in (h)- It remains to show that (iii) 
implies (i). Let a G Ti and si £ L{a{a)). Then 

(f{sia) = '^rbCrb,sia = r*{sit)rbCtb,a = siip{a) 

rb rb,t£L{a(b)) 

Then for z £ Dcr(a) and si £ L{a{a)) we obtain (p{zsia) = E r*{zsi)(p{ra) = E r* {zsi)r(p{a) = zsiip{a) = z(p{sia). 

rGL(cr(o)) rGL(fT(a)) 

This completes the proof. □ 


We now study morphisms of S'-bimodules ip '■ Mi —>■ Ps{M 2 )-^ determined by morphisms of left S'-modules. We know that 
Ti = {as : a £ Ti, s £ L(T(a))} is an S'-local basis for s(Mi). We have that: 

Ps{M 2 )^^ = 0 Ts{M 2 )br 


Thus 


(B) ip{as) = Das,brbr 


br£T2 


where, in an analogous way as before, Das,hr £ ^s{M 2 )ea(b) are uniquely determined. 


Proposition 8.2. Let ip he a morphism of left S-modules given by (B). Then the following assertions are equivalent: 

(i) Ip is a morphism of S-bimodules. 

(ii) For a £ Ti, 6 £ T 2 , s £ L(T(a)), r £ L{T{b)), si £ L)r(o) have 

Daw,brW* {ssi) = Das.bP* (tSi) 

w^L{T{a)) t^L{T{b)) 

(iii) For a G Ti, b € T 2 , r G L{r{b)), Si G L{r{a)) we have 

Dasi,br — ^ ^ Da^bt'^ 

£GL{r{a)) 


Proof. Let us show (i) implies (ii). We have the following equalities: 

ip{assi) = w*{ssi)ip{aw) = w*{ssi)Daw,brbr 

w^L{r{a)) w,b,r 

ip{as)si = '^Das.btbtsi = y^ Dgs.btbrr*{tsi) 

t,b b,t,D 
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Then (ii) follows from the equality ip{assi) = 'ip{as)si. To see (ii) implies (ill) it suffices to set s = Sria) in (h)- It remains to 
show (iii) implies (i). We have 

V'(asi) = ^ Dasi,brbr = '^Da,btr*itsi)br 
br^fz br,t 

= '^Da,btbtsi = ip{a)si 

bt 

Then for z € DT(^a) and si G L{T{a)) we obtain 

'ip{asiz) = ''^^'ip{ar)r* (siz) = 'ij^{a)siz = 'ip{asi)z 


This proves (i). □ 

In what follows, let *M = Homs(sM,s S) denote the left dual module of M. 

Proposition 8.3. Let M be an S-bimodule which is Z-freely generated by the Z-subbimodule Mq of M and L' = L\ 
{ei,..., e„}. Let qN = {h G* M\h{Mo) G Z, h{Mot) = 0, t G L'}, then *M is Z-freely generated by the Z-subbimodule qN- 


Proof. Note that qN is a Z-subbimodule of *M. The elements *{as) generate *M as a right S'-module, therefore every element 
of *M can be written as a sum of the form s ^{*a)ws,a where Wg^a G S and T is a Z-local basis of 

seL{T{a)),aeT sa 

Mq. Therefore the morphism of 5'-bimodules given by multiplication: 

gi-.S®z ioN) (Zz S M 

is an epimorphism. Then for each pair of idempotents e^, Cj we have an epimorphism 

gi-. Di®z ioN) Ziz Dj -)> ei{*M)ej 

Note that Di®z (o-N) ®z Dj = Di®F ei{oN)ej Zr Dj and dimFei{oN)ej = dimrCjMoei. Therefore 

dimp^Di (Zz (o-N) ®z Dj) = dimF{ejMQei)dimF{Di)dimF(,L)j) 


On the other hand 


eilloms{sM,s S)ej = HomsiejMei, Dj) 

= Hom^)^ {Dj Of ejMoei Of Di, Dj) 

= HomF(ejMoei Of A, A) 

Therefore diuiFCii*M)ej = dimF{ejMoei)dimF{Di)dimF{Dj), so the morphism ^ : CiS ®z (o-N) Oz Scj —>■ ei{*M)ej is in fact 
an isomorphism. This implies that fi : S Oz {oN) Oz S — M is an isomorphism of Abimodules, completing the proof. □ 

Remark 9. A similar argument shows that the right dual module M* is Z-freely generated by the Z-subbimodule Nq = 
{h G M*|/i(Mo) G Z,h{tMo) = 0,t G L'}. 

Let k be an integer in [l,n]. We will assume that the following conditions hold: 

Mcyc = 0 and for each a, CiMet ^ 0 implies CkMa = 0 and CkMa ^ 0 implies CiMet = 0. 

Using the Abimodule M, we define a new S'-bimodule fbkM = M as: 

M := ekMck © Me^M © (ckM)* ©* (Mek) 

where eT = 1 — e^. Define also M := M (B (ckM)* ©* {Mek). Then the inclusion map M ^ M induces an injection of algebras: 

IM ■■ Ts{M) ^ Ts{M) 
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Similarly, the inclusion from /i^M to J-s{M) induces an injective map of algebras: 

VfcM : 


Proposition 8.4. if i ^ k, j ^ k, then 


iM{eitFs{M)ekJ^s{M)ej) C 


Proof. Let z G eitFs{M)ekPs{M)ej then z = ''^z{u) where z{u) G eitFsiM)ekJ-siM)ej. Then iMiz) = ''^iMiz{u)). It 

u—3 u—3 

suffices to show that iM{z{u)) G Im(i^^M)- Note that the element z{u) G for some positive integers n(l) 

and n(2). It suffices to show then that L = j is contained in the image of i^^M- We prove this by induction on 

n = n(l) + n(2) > 2. If n = 2 then L = eiMckMej is contained in the image of Suppose the claim holds for n' < n and let 
us show it holds for n. The elements of L are sums of elements of L' = eiMei^Ma^M ... Mei^^^.^MekMej.^Mej^M ... 

Then we have the following possibilities: (1) If none of the is, nor the jt are equal to k, then: 

CiMciiMeijM ... C {ckMekY^^^ 

and thus it is contained in the image of similarly, 

C Im(v,M) 

and therefore L' is contained in the image of 

(2) Suppose now that some is = k and none of the js equals k. Then, as before: 

C Im(v,M) 


and 


where s(I) + s(2) < n. Then the induction hypothesis implies that L' is contained in the image of ifi^M- 

(3) Some js = k and none of the i[^s equals k. Then proceed as in the previous case. 

(4) Some js = k and some it = k. By inductive hypothesis, and are contained 

in the image of i/M^M- Thus L' is contained in the image of Therefore each z(u) lies in the image of ifj,t,M and hence z does 
as well. □ 

Corollary 8.5. Ifi^k,j^ k, then iM{fiiPs{M)ej) C Im(i^^M)- 


Proof Let z = ^ z{u) G eiiFs{M)ej where z{u) G M®“. Each z{u) is a sum of elements belonging to iS-submodules L of 

U — 1 

the form CiMej^Mej^ ... ej^_^Mej. If all js are different from k, then L C (efeMefe)®“ and therefore iniL) is contained in the 
image of i^ikM- If some = k then L C eiiFs{M)ekiFs{M)ej and Proposition 18.41 yields that jm(L) is contained in the image 
of ifj.kM- Therefore each iM{z{u)) G Im(I^^M) and hence iMiz) G Im(i^^M), as claimed. □ 

Lemma 8.6. The S-bimodule MekM is Z-freely generated by the Z-subbimodule MoCkSekMo. If T is a Z-local basis for 
Mq then Uk = {as&|a G T fl Mok, s G L{k),b GT (1 e^M} is a Z-local basis for MoCkSekMo- 


Proof. Consider the isomorphism of 5'-bimodules given by multiplication 


l^M '. S ®z Mq ®z S ^ M 


Multiplication in the tensor algebra induces an isomorphism of S'-bimodules 
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fJ-M ® /iM : s ®Z Mq ®z S ®s S ®z Mq ®z S ^ M M 
This morphism induces an isomorphism 

V : S 0z M 3 S'efc 0s s-kS 0z Mq 0z S —>■ MckM 
The latter isomorphism induces an isomorphism of Z-bimodules 

p : (Mq 0z Sck) 0s i^kS 0z Mq) —>■ MoCkSekMo 
The composition yields an isomorphism 

v{l 0 p~^ 0l) : S 0z (MoekSckMo) 0z S ^ MckM 

which is given by multiplication. This proves the first part of the lemma. To prove the second part, note that there exists an 
isomorphism of .Z-bimodules: 

a : MoBk 0F Dk 0 f —>■ (Mq 0z Seu) 0s i^kS 0z Mq) 

A Z-local basis of MoCk 0 f Dk 0 f ^kMo is given by the set of all elements a0 s0b where a GT (1 MoCk, s G L{k), b G T (1 CkMo; 
then the elements pa{a 0 s 0b) = asb form a Z-local basis for M^CkSckM^. This completes the proof of the lemma. □ 

Lemma 8.7. pkM is Z-freely generated by the Z-subbimodule 

CkMoCk © MoCkSckMo © ek{oN) © No^k 

Proof The isomorphism pM ■ S 0z Mq 0z S ^ M induces the following isomorphism: p : CkS 0z Mq 0z Sck —>■ CkMck- 
On the other hand, we have an isomorphism S 0z ekMoCk 0z S CkS 0z Mq 0z Sck- The composition yields an isomorphism 
given by multiplication: 

S 0z OkMoCk 0z S —>■ CkMck 

By Proposition 18.31 there exists an isomorphism of S'-bimodules given by multiplication 

S 0z Nq 0z S ^ M* 

so we get an isomorphism of S'-bimodules 

S 0z No 0z Sek —t M*ek 

We also have an isomorphism 

S 0z NoCk 0z S ^ S 0z Nq 0z Sck 

the composition of the last two isomorphisms gives an isomorphism of S-bimodules given by multiplication 

S 0z NoCk 0z S —>■ M*ek 

Similarly, Proposition 18.31 implies the existence of an isomorphism of S-bimodules given by multiplication 

S 0z ekioN) 0z S —>■ ek{*M) 

Finally, Lemma 18.61 yields an isomorphism of S-bimodules: 

S 0z (cfeMoefc © MoCkSckMo © ek{oN) © N^Ok) 0z S —>■ pkM 
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and the proof of the lemma is complete. □ 

Proposition 8.8. There exists an isomorphism of S-bimodules 

pIM ^ M © MckM © M*eui*M) 

and the S-bimodule on the right hand side is Z-freely generated by the Z-subbimodule 

Mq © MoCkSekMo © NoCkSckioN) 


Proof. We have the equalities: 

pUM) = ek{pkM)ek © {pkM)ek{pkM) © {pkM)*ek © ek[*{pkM)) 
CkipkM) = CkMok © MckM © M*ek 
ek{pkM)ek = CkMck © MckM 
{pkM)ek = {M*)ek = (ckM)* 
ek{pkM)=ek{*M) =* {Mck) 

Therefore 


Thus we obtain 


and the proof is complete. 


*{{hkM)ek)=* {iekM)*)^ekM 

{ckipkM))* = {*{Mek))*=Mek 

pI{M) ^ CkMck © CkM © Mck © MckM © {M*)el{M) 
= M © MckM © {M*)ek{*M) 


□ 


Consider the inclusions: 

iM : Ts{M) ^ Fs(M) 

ifikM : Tsih-kM) —>• Ts{M) 

Let u be an element in fFs(.M) such that iM(u) lies in the image of ifikM- We will denote by [u] the unique element of TsipkM) 
such that ikLkM{[u\) = iM{u). 


Lemma 8.9. Let P be a potential in IFs{^) such thatckPck = 0, then there isa unique [P] G Fs{pkM) such that j^j^m([P]) = 


Proof Let P = P{u) where P{u) G If P is quadratic then we are done since P has no 2-cycles passing through 

u=2 

k and hence we may take [P] = P. Observe that P(u) is a sum of elements of P = eiMe 2 ■ ■ ■ Cs-iMcs. If some Cj = Ck, then 
I < t < s and thus L C Then s ^ k and Proposition 18.41 implies that L is contained in the image of i^^M- If 

none of the ep equals k, then L C (eTMefc)". Therefore P{u), and hence P, lies in the image of □ 

Lemma 8.10. For r,w € L{i), z G D{i) we have 

(i) r*{rw) ^ 0 implies w = Ci. 

(ii) r*(rz) ^ 0 implies e*{z) ^ 0. 

(hi) r*{wr) ^ 0 implies w = Ci. 

(iv) r*{zr) yf 0 implies e*(z) yf 0. 


Proof, (i) We have rw = r*{rw)r + A^u. Therefore 

u^r 
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w = r*{rw)ei+ ''^^ XuT 

u^r 

thus 

e*{w) = r*{rw) + ^ A„e*(r“^M) = r*{rw) 

u^r 

hence if r*(rw) ^ 0 then w = et. 

(ii) We have z = e*(z) + X^jW. Then rz = re*{z) + X^rw. This implies the following equality 

W^Bi W^Bi 

r*{rz) = e*(z) + ^wr*(rw) = e*(z) 

W^Bi 

which shows (ii). One can proceed to show (hi) as in the proof of (i) and (iv) follows from (hi). 
Definition 37. Let P be a potential in Ts{M) such that CkPck = 0. We dehne: 

Hu{P)-.= [P]+ E M((sa)*)(*(&t)) 

sa^kT ,bt^Tk 


□ 


Proposition 8.11. Let : Ps(M) —>■ p 5 (M) be a unitriangular automorphism, then there exists a unitriangular 
automorphism (p of Ps{M) and an automorphism (p of PsihkM) such that: 


(pin = 




E_ 

\sa^f^T 


{sa){sa)* 


E isa){sa)* 

saCkT 


^ E cmm) 


\bt^Tk 


= Y, cmm 

btefk 


Proof Consider the 5'-bimodules e^M and Mck- The S'-bimodule CkM is Z-freely generated by = T 0 e^M and Mck is 
Z-freely generated by = T 0 Met- We know that = {sa|a GkT,s £ L{k)} is a local basis for {ekM)s- The automorphism 
ip induces a morphism of S-bimodules: 


p>:ekM^ ekPsiM)^^ = CkMPsiM) 


For each element sa £k T we have 


ip(sa) = Y ™lC'r-oi,sa 

raiCkT 

where Crai,sa £ eT(ai)-Ps(-^)sT(a) and C = [Crai,sa] is a matrix of size ruk x mk where ruk = card{kT). The matrix C lies in 
U, the F-subspace closed under multiplication of Mmk,mk{^s{M)) whose elements are the matrices U = [urai,sa] such that 
Urai,sa £ e-T{ai)Ps{f^)^T{a)- Observe that lA is a F-algebra with unit lu = [Srai,saCr{ai)]- Since ip is unitriangular then, for each 
sa we have ip{sa) = sa + X{sa) with A(sa) £ J's(M)-^. Therefore C = lu + R where R£U is a matrix with coefficients in 

OO 

It follows that the matrix D = lu + ^^(—l)*i?* is the inverse of C in lA. Now consider the F-bimodule {ckM)*. We 

2—1 

know that the collection of all elements of the form a*s“^, a £k T, s £ L{k) is a F-local basis for s(efeM)* =s {M*ek)- We have 
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D = [Dsa,tai] ’^ith Dsa,tai ^ ^s{M). Define the matrix D = with = Dsa,tai - Consider the morphism 

of S-left modules V’ : M*ek —>■ J^s{M)M*ek given by 

a*t~^ 


To show that ip is a morphism of S'-bimodules it suffices to show (using Proposition 18.21) that for each a, oi €k T,s,w & L(k) the 
following equality holds 


D, 


a* s~-^ 


r^L{k) 


Thus it suffices to show that 






In order to show this, consider the matrix D = [Dsa,wai] in k(, where 






Taking s = e„(^a) yields Da,wax — Y^Da,rai{w ^)*(r ^) = Da,wax- We will show that D is the inverse of C in U. We first show 

r 

the following equality holds for each r,t G L(k): Crai,s 2 a 2 — 'Y^w*{tr~^S 2 )Ctai,wa 2 - 


W 

By (ii) of Proposition [01 it follows that for each S 2 ,t G L(k) and si G D^-. 
Taking Si = in the above equality yields 


lai ,3202 

i 1G Z/(/i;) 


Y W*isiS2)Ctax ,wa2 

w£L{k) 


Y ^tl)Ctxai,S2a2 = Y ^S2)Ctai,wa2 

ti^L{k) 'W^L{k) 

If 7 ^ 0 then Lemma [8.101 implies that e^(r“^ti) ^ 0 and thus ti = r. This implies the desired equality. We have the 

following equalities 


D 




sa.,rai^rai ,S2CL2 


rai 


X] X! ^)^rai,S2a2 

rai t 

EEE (r ^)*{t ^)w*{tr ^S 2 )Ctax,wa 2 

rai i 'w 

EEEE Da,tai{r ^)*(t ^)w*{tr ^S 2 )Ctax,wa 2 

ai t w r 


EEEE^^-*®!^'* ^S2)Ctax,wa2 

ai t w r 


ai t w 



^2 1 Ctai ,'wa2 


^ ^ ^ ^ ^a,tai ,Lf;a2^ ^ 2 ) 

ai t w 

^a,wa2^ ^ 2 ) 

el{s~^S2)Sa,a2 


S 


Sa,S202 


This shows that D = C~^ in U. Therefore D = D and hence ■i/' is a morphism of S'-bimodules. Now consider Mck- We have 
that Tfe = {5s|6 G Tk,s G L{k)} is a local basis for s{Mek)- Then ip induces a morphism of S-bimodules ip : Mck —>■ Fs{M)Mek- 
Thus for each hs G Tk 
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ip{bs) = y^^PbsMrhr 

bir 


with DbsM-r £ ^<T(b)J's{M)ecr{bi)- The matrix D = [Dbsfiir] is a matrix of size Uk x Uk where Uk = card{Tk). The matrix D lies 
in V, the P"-subspace of whose elements are the matrices V = [vbs,bir] with Vbs,bir G e-a{b)^s{^)s-a{b-i)- The 

P"-subspace V is an P"-algebra with unit I\> = [Sbs,bir^(T(b)]- Since (p is unitriangular, D = ly + R where R €V has coefficients in 

OO 

Rs{M)-^. Then the series / + ^(—equals C = D~^, the inverse of D in V. Let C = [CbsMr] and consider the 5'-bimodule 

i—1 

*(Mefc) = e^M. A local basis for {e*f,M)s is given by the collection of all elements *{bs) = s~^{*b) where b G T/^, s G L{k). Consider 
the morphism of 5'-right modules p : efc(*M) —>■ ek{*M)Rs{M) given by 

pis-H*b))= 


where Cr--i-pbi),s-^{*b) = Cb^rfia- To show that p is a morphism of S'-bimodules it suffices to show that the elements 
Cr-i(*bi),s-i(*h) satisfy (hi) of Proposition EUl that is: 


Cb.rfis, = ^ {r-^T{s^h-^)Cb,t,b 

t£L{k) 

for every 5, bi G Tk, r, si G L{k). In order to show this, consider the matrix C = [Cb-ir,bs] S V where 

CbirM = ^ 

t^L{k) 

Taking s = Ck yields Cbir,b = Cbir,b- We will show that C = D~^. We first show the following relation holds for each b,bi G 
Tk,s,r,t G L{k): 


Pbs,b\r — ^ ^ Pbw,b-it'^ (sT t) 

w£L{k) 

By (ii) of Proposition 18.21 it follows that for each Si G Dk'. ^ 73bu),hitw*(ssi) = ^ -D6s,hitif*(fiSi). Taking si = r~^t 

w^L{k) ti^L{k) 

yields E ^hw,h\t'^ ^ ^ {t\T t). 

w^L{k) iiGL(fc) 

By (iv) of Lemma lS.lOl it follows that ^ 0 implies ej(iir“^) ^ 0 and thus ti = r. Therefore: ^ = 

w£L{k) 

^bsMr the desired equality follows. We have the following set of equalities: 


^ ^ ^bs,birCl)^'r,b2Si — ^ ^ ^bs^biri'^ ) (^i ^ 

bi,r t,bi,r 

= y] DbwMtW*isr~^t){r~^)*{s^^t~^)Cbit,b2 

t,r,bi ,w 

= y] DbwMtCbit,b2’>J^*{s{r~^)*{s^^t~^)r~^t) 
t,r,bi,w 

— ^ ^ ^bw,bitCl)^t,b2^ ^ )^) 

t,bi ,w 

— ^6,^2 ^S,Si 

— ^bs,b2Si 


This shows that p is a morphism of ^S'-bimodules. Then we have a morphism of ^S'-bimodules 

(1)0 = (<p, V', p) : Tf © {M*)ek © Cki*M) Ps{M) 
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This map has the property that for each z G M, (j)o{z) = z + A(z), with^(z) G since possess this property. 

Therefore (f)o can be extended to a unitriangular automorphism (j) of J-s{M). Then: 

4>{pkM) = 4>{ekMek) © 4>{MekM) © © 4>iM*ek) 

Note that 4>{ekMek) = iM{ekip{M)ek). By corollary 8.5 we have (f){ekMek) C Im(z^j^M)- We have (j){MekM) = (j){iM{MekM)) = 
iM^^iMckM)) = iM{‘p{ekMekMek)) = iM{ekip{M)ek‘p{M)ek) C iMiekJ^s{M)ek). Applying proposition 8.4 implies the latter 
set is contained in the image of and thus (j){MekM) C Im(z^j,M)- Also (j){ek{*M)) = (j){ek{*M)ek) C ek{*M)ekTs{M)ek- 
Remark e^M and ekJ-siM)ek are both contained in Im(i^^M)- Therefore 4){ek{*M)) C Im(z^^M)- Similarly, it can be shown 
that (p{{M*)ek) © Im(z^j,M)- It follows that (j){p,kM) C Im(z^j,M)- Consequently, (j) induces a morphism of S'-bimodules: 

ipo ■ PkM J^siPkM) 

such that Then (pQ can be extended to an algebra automorphism ip of Ts{pkM) such that 

We have the following equalities 


^ (sa)(sa) 
\saek't' 


E 

rai ,sa,ta2 


raiCrai jSa^sa 


,ta2(t«2)* = y^(rai)(roi) 

rai 


E (■««)(««)* 

soGfcT 


In a similar way we obtain 


^ E Cibt))ibt) 


\bteTk 


Y, C{hr))Cb,rMDbtMs(.b2s)= YCibmbt) 

btMrMs bt^fk 


□ 


Theorem 8.12. Let p be a unitriangular automorphism of stnd let P be a potential in Ps(M) with CkPck = 0, then 

there exists a unitriangular automorphism (p of Psih-kM) such that p{pkP) is cyclically equivalent to pk(p(P))- 


Proof Take the automorphism (f) of Ps{M) of the previous proposition. Note that (p induces an automorphism ip of PsihkM)- 
We have Pk{P) = [P] + ^k where 

Afe = ^ [htsa]{{sar){*{ht)) 

soGfcT’ ^bt^Tfe 


A'k = Y {* ibt))[btsa]{sa)* 

saG/jT jbt^T'k 


The element is cyclically equivalent to 
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Since fXkP is cyclically equivalent to [P] + A'^, then Lp{p,}~P) is cyclically equivalent to ‘f{[P]) + Applying the map 

to the last expression yields 


i^ikM (‘^([^’]) + <^(A'fc)) = 4>i^LuM{[P]) + 0VM(A'fe; 


= (/)iM(P) + (/'VfeM ( ^ {*{bt))[btsa]{say 

\sa^kT ^bt^Tk 

= iMi^piP)) + 4 > i ^ {*{bt))i^i^M[btsa]{sa)* 

\sa^kT 

= itJ.kM[piP)]+yi ^ {*{bt))iM{btsa){sa)* 

\saGfcT ,ht^Th 

= i^^kM[p{P)]+ Y1 {* {ht)){bt){sa){sa)* 

sa^kT jbt^Tk 


Therefore 


Wm(^([p]) + p { K )) = VfcM 


MP)]+ E 


sdG fe T* ^bt^Tk 


It follows that 


p{[P] + K) = MP)] + ^'k = Pk{p{P)) 


Hence (p{pLkP) is cyclically equivalent to ^fe((^(P)). 


□ 


Lemma 8.13. 
equivalent to 


Let X be a local basis for {ekM)s and Y be a local basis for s{Mek)- Then 

E M(M*)r(6f)). 


E J'® cyclically 

yCY,x^X 


btcfk,saCkT 


Proof There exists an automorphism '0 : M —)> M of S'-bimodules such that y^X) =k T and '(/’(T) = Tk- Then 

tfj{tb) = E {sa)l3sa,tb 

sa£kT ^T(a)—T{b) 


and 


{y{tb)Y = E ltb,sa{sa)* 

saGfcT,r(a)—r(fc) 


where Psa,tb,Jtb,sa € I^r(a)- Then 


^tb,t'b' ^T{b) — ^ ^ ^T{b)^tb^sal^sa^t'b' 

sae fcT’,r(a)=r ( 5 ) 

For each et consider the matrix Bi = [l3sa,x]T{a)=T(x)=ei the matrix Gi = [ysa,x]T(a)=T{x)=ei - Using the notation introduced 
in the proof of Proposition 18.111 the matrices B and G lie in U. Then the matrix B is the inverse of G in U. In an analogous 
manner 


Yias) = E C-asMi^t) 

btcfk 


and 
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*{ipias)) = ^ {*{bt))pbt.as 

where the matrix [uas.bt] S V is the inverse of the matrix [pbt,as] S V. Therefore 


yGY,x£X 


E cry^bt[btsa]l3sa.uju,s'b' {{s' a')*){* {b't'))pb't' ,v 

v,bt,b^t'£Tk,u,sa,s't'£k'^ 

E cry^bt[btsa]f3sa,u'yu,s'b' {{s' a')*){* {b't'))pb't' ,v 

v,bt,b"t'^Tk,u,sa,s't'^kT 


and the latter potential is cyclically equivalent to the potential 

E Pb't' ,vCrv,bt[btMiis' a')*)(* (b't')) = E [btsa\{{sa)*)(*{bt)) 

V ,bt ,b" t' ^Tk ,sa,s't' ^ bt^Tk,sa^k'^ 

and the proof of the lemma is complete. 


□ 


Theorem 8.14. Let p : Ts{Mi) —>■ he an algebra isomorphism with (p|s = ids a.nd let P be a potential in Ps(Mi) 

with ekPek = 0, then there exists an algebra isomorphism (p : PsihkMi) —>■ TsihkM) such that (p[pkP) is cyclically equivalent 
to pk(p(P))- 


Proof. Consider the isomorphism of ^-bimodules : Mi —7> M. Let '■ Mi —>• Ps{Mi) and Jm ■ M —>• Ps{M) be the 
inclusion maps. Then JmP^^'^ ■ Mi —>■ Ps(M) is a morphism of S'-bimodules. By Proposition 12.31 there exists a unique algebra 
isomorphism ip : —>■ making the following diagram commute 


Ml - >Ps{M) 

3Mi 

J^siMi) . Y.^PsiM) 

Note that pip~^ is a unitriangular automorphism of and clearly p = {p'ip~^)'ip. This shows that p equals to the 

composition of an algebra isomorphism of ^ induced by an isomorphism of ^-bimodules Mi —>■ M, with a 

unitriangular automorphism of 

By Theorem l8.121 it suffices to establish the result when p is induced by an isomorphism of S'-bimodules (p : Mi —>■ M. Suppose 
then that p is induced by an isomorphism of S-bimodules 4>: Mi —>■ M. Let Ti be a Z-fiee generating set of Mi and T a Z-free 
generating set of M. Then p induces isomorphisms of S-bimodules 


(j3 : CkMiCk CkMek 
(j3 : MiCkMi -)> MckM 

and the map 0“^ : M —>■ Mi induces an isomorphism of S — Z)/;-bimodules 

{p-^Y : {ckMiY ^ {ckMY 


and an isomorphism of Dk — S-bimodules 


(</>-'): YMiCk)^ *{Mek) 
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These isomorphisms induce isomorphism of S'-bimodules: fikM —>■ Mi —>■ M and these maps also induce algebra 

isomorphisms 

^ Ts{Mi) ^ Ts(M) 

such that and 4>iM = Then 

VfcM(^[P]) = <^VfcM([-P]) = = intHP)) = VfcM([«!>(P)]) 

therefore ^{[P]) = [(j){P)]. Therefore 


^kkP=[P]+ Y. [b'tsa']iisar)i*m) 

bTe (Ti)fc jSa^CfcTi 


Also 


and thus ^{[b'tsa']) = [(p{b't)(l){sa')]. 


ifj.kMH[b'tsa]) = ^fj.^Mi[b'tsa]) 

= 4>iM{b'tsa') 

= <j)iM{b't)^iM{sa') 

= iM{4’ib't)(l){sa')) 

= ik.kM{[(l>{b't)(j)(sa')\) 


On the other hand, for each sa',sia^ Sfc Ti we have 


'^[[sa'rmsia'i)) = {r^r{{sarmsia'i)) 
= {{sa'T o r^msia'i)) 
= {sar{r\^{sia'i))) 

= {sa'risia'i) 

b sa' ,s\a'.y^T{a) 


It follows that ^((sa')*) = {4>{sa'))*. In a similar way, ^{*{b't)) =* {(j){b't)). Therefore 


^inkP) = iHP)] + Y [mmsa')]msar)C{ci^{b't))) 

b't^ {Ti)k ,sa'GfcTi 

It follows from Lemma 18.131 that the latter potential is cyclically equivalent to 

[<^(P)] + [6tsa]((sa)*)(*(6t)) = M^P)) 

bt^Tj^jSa^j^T 


This completes the proof. 

□ 

If M satisfies the condition that if CiMck ^ 0 implies CkMei = 0 and CkMci ^ 0 implies CiMck = 0 then fik{P) — P is defined 
provided P is a potential in Ps{M) such that ekPek = 0. We now define Hk{P) for any potential P. 

Let m > 1 then A{T)m denotes the set of all non-zero elements x in Ts{M) such that x = ti(x)ai{x)t 2 {x)... tra(x)am{x)tm+i(x) 
where ai{x) € T,ti{x) € L{a{ai{x))) for every i = 1,... ,m and tm-i-i(a;) € L{T{am{x))). For m>2 define B{T)m = A(T)m H 

oo oo 

Ps{M)ayc- Clearly B{T)m is an P-basis of Let A{T) = |J A{T)m and P(r) = IJ P(r)™. 

m—2 m—2 

Given a potential P in Ps(M), then P can be uniquely written as: 
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where f^{P) G F. 


^ = E E 

m=2x£B{T)m 


Let be the map defined as follows: if x = ti{x)ai{x).. .tm{x)am{x)tm+i{x) € B{T)m and ai{x) ^ 

T n CfcM then k(x) = x; otherwise k{x) = t2(x)a2{x).. .tmix)amix)tm+i{x)ti{x)ai{x) if ai{x) € T r\ CkM. We now extend 


K : Fs{M)cyc —t Bs{M)cyc as follows, for every potential P 
a continuous F-linear map. Clearly ekK{P)ek = 0. 


E E fx{P)x let k{P) = E E fx{P)K{x), this gives 

m—2a:GB(T)^ m—2x^B{T)^ 


Assertion 3. Let x,y & be such that xy is a cycle, then K{xy — yx) = ajS — Pa where a, /3 G ekFs{M)ek- 

Proof. If x,y are not in T fl CkM then K{xy) = xy and K{yx) = yx and the result follows immediately. Suppose now that 
ai{x), ai{y) Gk T = T (1 CkM. Then 

xy = ^ Cutiix)ai{x).. .tnix)anix)uai{y).. .am{y)tm+i{y) 

uGL{<T{ai)) 

where tn+i{x)ti{y) = CuM, Cu G F. Similarly 

u£L{cr{ai)) 

yx = ^ dxti{y)ai{y).. .tm{y)vai{x).. .anix)tn+i{x) 

vGL{<T{ai)) 

where tm+i{y)ti{x) = E dyV, Cy G F. We have K{xy) = E Cyt2{x)a2(x)... am(y)tm,+i{y)ti(x)ai(x), thus 

vGL(( 7 (ai)) uGL{(T(ai)') 

K{xy) = t2{x)a2{x). ■. an{x)tn+i{x)ti{y)ai{y)t2{y)a2{y) ■.. am{y)tra+i{y)ti{x)ai{x) 


Similarly 


K{yx) = t2{y)a2{y) ■.. am{y)tm+i{y)ti{x)ai{x)t2{x)a2{x)... an{x)tn+i{x)ti{y)ai{y) 

Therefore K{xy - yx) = aP - Pa where a = t2{x)a2{x)... an{x)tn+i{x)ti{y)ai{y) and P = t2{y)a2{y) ■ ■ ■ am{y)tra+i{y)ti{x)ai{x), 
clearly a,/3 G ekFs{M)ek. 

Finally suppose, without loss of generality, that ai(x) Gfe T but ai(y) ^k T. Then, as before: 


K{xy) = t 2 {x)a 2 {x). ■. an{x)tn+i{x)ti{y)ai{y)t 2 {y)a 2 {y) ■.. am{y)tra+i{y)ti{x)ai{x) 

K{yx) = ti{y)ai{y)... am{y)tm+i{y)ti{x)ai{x)t 2 {x)a 2 {x )... t„(x)a„(a:)t„+i(a:) 

hence K{xy — yx) = aP — Pa, where a = t 2 (x)a 2 (x)... a„(x)t„+i(x) and P = ti[y)ai(y)... am(y)tm+i(y)ti{x)ai(x) and a, P G 
ekFs{M)ek. This establishes the assertion. □ 

Definition 38. If P is a potential we say that P is 2-maximal if P*-^^ is maximal. 

Remark 10. If P and Q are right-equivalent, then P is 2-maximal if and only if Q is 2-maximal. 

Proof. Recall that 1C denotes the set of all pairs {i,j) such that CiMcj ^ 0, CjMci ^ 0 and dimpeiMej < dimp ejMei. 
First note that P is 2-maximal if and only if for every (i,j) G K, we have divcip ej'E. 2 {P)ei = dimp CiMcj. Let p be an algebra 
automorphism of Ps{M) such that p{P) is cyclically equivalent to Q. Then using Proposition 17.81 one gets that S2((5) = 
'E. 2 {P{P)) = {'E. 2 {P)). Therefore dimp ej'^ 2 {Q)Gi = dimp {ej'E. 2 {P)ei) = diuip ej'E. 2 {P)ei = diuip CiMcj, as claimed. □ 
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Definition 39. For any potential P in Ps{M) we define = ^k{i^{P))- 

Proposition 8.15. If P, Q are cyclically equivalent potentials in Ps(M) then p^P is cyclically equivalent to pkQ- 


Proof We have that P — Q = lim Un where each is a finite sum of elements of the form AB — BA with A, B G Ps(M). 

n—^oo 

Suppose that A = E f{x)x, B = E then AB — BA — ^ ^ — y^')- I'lcte also that each f^i^xy — 

xeB(T) xeB(T) x,yeB(T) 

yx) = axyPxy - Pxydxy where a^y.^xy G ekPs{M)ek- Then k{P - Q) = lim «(«„). Also 


Vi=m([n(P - Q)]) = \im iMiK{un)) 

n—¥(yo 


lim VfeM([N(Mn)]) =itikM 



Thus [k{P — Q)] = lim [n('u„)]. On the other hand 

n—^oo 


iM{K{AB - BA)) = ^ f{x)g(jj)iM{axyl3xy-l3xyaxy) 

x,yeB{T) 

= ^ f{x)g{y){iMiaxy)iM{/3xy)-iM{Pxy)iM{dxy)) 

x,yeB{T) 

= iy-kM xy\ [/3a;y][Q!a:y]) 

\x,yeB{T) 

Therefore [k{AB - BA)] = ^ f{x)g{y){\axy\[Pxy]- [Pxy]\axy\)- It follows that [k{AB - BA)] G [Ps{hkM),Ps{hkM)] 

x,yeB{T) 

and thus [k{P — Q)] G [Ps{hkM),J's{fJ‘kM)]- We conclude that [n(P)] is cyclically equivalent to [n(Q)]. Therefore pk{K{P)) is 
cyclically equivalent to pki^iQ)), as desired. □ 

Proposition 8.16. Let P G Ps{M)cyc ^nd Q G Ps{^i)cyc- Suppose that P is right-equivalent to Q, then pkP is right- 
equivalent to pkQ- 


Proof. Let (j) : Ps{AI) fFs{AIi) be an algebra isomorphism with (p^s = ids and such that (t>{P) is cyclically equivalent to 
Q. By Proposition 18.151 pk{fp{P)) is cyclically equivalent to Pk{Q)- By Theorem 18.141 there exists an algebra isomorphism 
p : PsihkAI) PsihkMi) such that p{pkP) is cyclically equivalent to pkiPiP))- The result follows. □ 

Theorem 8.17. The potential p\{P) is right-equivalent toP (BW where W is a trivial potential in Ps{MckM © M*ek{*M)). 

Proof Recall that there exists an isomorphism of S'-bimodules A : p^M —>■ M © MckM © M*ek{*M). This map has the 
following properties: 

(1) li p = miWim2W2...msWsms+i where rrii G CkMck and Wi G MckM, then X{p) = mi[wi]m2[w2]...ms[ws]ms^i where for each 
w G MckM, [w] denotes the image of w under the inclusion map from MckM into M © MckM © M*ek{*M). 

( 2 ) A(*((sa)*)) = sa and A((*(6t))*) = bt. Then we obtain the following equality 

XiplP) = A([P]) + ^ A6tsa][(sa)*r6t)] + [{sa)* {* {bt))]ibt){sa) 

bt,sa ' 


The latter element is cyclically equivalent to 

K{p]) + E + (^^)(^«)) 

bt,sa 


Now Proposition 18.81 implies that 


T = T U {asb : a G Tk,s G L{k),b Gk T} U {a*t*b\a G Tk,t G L{k),b Gk T} 
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is a Z-free generating set for M © MetM © M*ek{*M). Let ^ denote the automorphism of M © MckM © M*ek{*M) defined 
by tpip) = —b a b €k T and the identity in the remaining Z-free generators of T. Then is cyclically equivalent to: 

M{p]) + - misamsarcibt))] 

bt,sa 


For fixed bt, sa we have the following equalities: 


[btsa] = E r*{ts)[bra] 

r^L{k) 

{bt){sa) — E r*{ts)bra 

r^L{k) 


Therefore 


[btsa] — {bt){sa) = r*{ts){[bra] — bra) 

rGL(fc) 


On the other hand 


riG-L(fe) 


Hence ipX{^lP) is cyclically equivalent to 


^([-p]) + E E E 

bt,sa \^rGL{k) J yriGL{k) 

= ^([^])+ E ( E r*{ts){[bra]-bra){r:[^)*{s-h-^)[a*r^\*b)] 

b,a,r,ri \^t,s^L{k) 

= ^([^])+ E (([M^r^)]) I E 

b,a,r,ri \t,s^L{k) 

= A([P]) + E {[bra] — bra)[a*ri^{*b)]Sr,riC{k) 

b,a,r,ri 

= A([P]) + ''^{[bra] — bra)[a*r~^{*b)]c{k) 


where we have used Proposition 17.31 and c{k) = [L{k) : F]. Consider the automorphism (j) of Fs(M ©Me/cM ©M*efe(*M)) 
defined in the following way: for every generator [6ra], we have 4'{\bra]) = [bra] + bra and the identity in the remaining generators 
of T. Then (j)ijjX{fi‘lP) is cyclically equivalent to 

<I^H[P]) + '^[bra][a*r-^{*b)]c{k) 

b,a,r 


The potential P is a sum of elements of the form hiWih 2 W 2 h 3 ...hsWshs+i where each hi is an element of the subalgebra 
generated by S and eXMek and each Wi is an element of the form bra with b G Tk,a €kT,i^ & L{k). The potential A([P]) is a 
sum of elements of the form hi[wi]h 2 [w 2 ]h 3 ...hs[ws+i] and thus (/)(A[P]) is a sum of elements of the form 


hl([wi] + Wi)h2{[w2] + W2)h3...hs{[Ws+l] + Ws+l) 

this element is cyclically equivalent to an element of Ps(M © MckM © M*ek{*M))-^ contained in the subalgebra generated by 
S and M © MckM. We obtain the following equality 

(?!)(A([P])) + E [bra][a*r~^{*b)]c{k) = P + E [bra] ([a*r~^{*b)]c{k) + f{bra)) 

b,a,r b,a,r 
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where f{bra) € J^s{^ © Me^M 0 M*ek{*M))-^. Now we take the morphism '0 of Ts{M © Me^M © M*efc(*M)) defined as 
'0([a*r“^(*6)]) = c{k)~^{[a*r~^{*b)] — f{bra)) and the identity in the remaining generators of T. Let 0 = ('0o,'0i) where: 

00 : M © MekM © M*eui*M) ^ M © MeuM © M*eui*M) 

01 : M © MekM © M*ek{*M) Ts{M © MeuM © M*ek{*M))^^ 

then 00 is an automorphism because if we take the local basis of s(M © MekM © M*Cki*M)) induced by T and the bases L{i), 
with the elements s[a*r“^(* 6 )], s G L{a{a*)) then 0o has the following matrix form: 

'C O' 

D Id 

where C has the form 

ai ... 0 0 

0 02 0 0 

. Q!3 0 

_ 0 0 ■ ■ ■ ^c{k)_ 

It follows that 0 is an algebra automorphism and 000A(^|P) is cyclically equivalent to 

P+ [bra] [a*r~^{*b)] 

b^a,r 

The quadratic potential W = [bra\[a*r~^{*b)] is a trivial potential in Ts{MekM © M*ek{*M)). This completes the proof. □ 

b,a,r 


Proposition 8.18. Let M = Mi © M 2 and M = Ni (B N 2 be two decompositions of the S-bimodule M. Let P = + P*^^^ 

be a potential with respect the decomposition M = Mi © M 2 such that P^^^ is trivial in Ps(M 2 ). Similarly, let Q = Q-^ + 
be a potential with respect the decomposition M = Ni (B N 2 where is trivial in Ps(iV 2 ). If P and Q are right-equivalent 
then P-^ is right-equivalent to Q-^. 


Proof Let 0 : Ps(M) —>• Ps{M) be an algebra automorphism such that 0(P) is cyclically equivalent to Q. If 0(M) = M then 
(j){P)-^ is right-equivalent to Q-^ since (t){P-^) = 0(P)-^. Suppose now that 0 is unitriangular, then N 2 = = '^ 2 {Q) = 

E! 2 (P) = M 2 . Then Proposition l 6 . 6 l implies that P-^ is right-equivalent to Q-^. Now assume that 0 is given by a pair of morphisms 
(0(^0 0(^)). Let (f be the isomorphism of Ps(M) determined by the pair (0(^00). Then 0 = 0i^“^ is unitriangular. Clearly 
ip{M) = M and M = '■p{Mi) © (p{M2) and with respect this decomposition ip{P) = (p{P)-^ © 'p{PY'^'> . Since 0 is unitriangular 
and 0 </ 3 (P) is cyclically equivalent to Q, then ip{P)-^ is right-equivalent to Q-^. Since (p{P-^) = (p{P)-^, it follows that P-^ is 
right-equivalent to Q-^. □ 


Proposition 8.19. Let M and N be Z-freely generated S-bimodules and let 0 : Ps(M) — >■ Ps(iV) be an algebra isomorphism 
with 0 I 5 = ids- Let P = P-^ © P(^) be a potential in Ps(M) where P^‘^'> is trivial. If 4>{P) is cyclically equivalent to a potential 
Q = Q-^ © Q ^0 where is trivial, then P-^ is right-equivalent to Q-^. 


Proof. Suppose that 0 is determined by the pair (0(^00*^^0 where 0^^^ : M —>■ is an isomorphism of S'-bimodules. Let 
p : Ps{M) —>• Ps(iV) be the algebra isomorphism induced by the pair (0(^00). Then p(P) = p{P)-^ © p(P)(^) and p(P)-^ = 
p{P-^), p{P)^^'^ = p(P^^0. Then p{P) is right-equivalent to P and P is right-equivalent to Q; thus p{P) is right-equivalent to 
Q. The previous proposition implies that p{P)-^ is right-equivalent to Q-^. This implies that P-^ is right-equivalent to Q-^. □ 


Definition 40. Let P be a potential in Ps{M), where M is Z-freely generated by the Z-subbimodule Mq. We say that P 
is splittable if there exists an algebra automorphism 0 of Ps{M) such that 0(P) is cyclically equivalent to Q = Q-^ © and 
a decomposition of 5'-bimodules M = Mi © M 2 such that Q-^ is a reduced potential in Ps(Mi) and is a trivial potential 
in Ps{^ 2 ). Here Mi and M 2 are Z-freely generated by Ni, N 2 respectively and Mq = iVi © iV 2 . 
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Remark 11. Note that Proposition 18.181 implies that if P is splittable then the corresponding reduced potential Q-^ is 
well-defined modulo right-equivalence. 


We now show that Definition 001 is equivalent to Definition [OH 


Theorem 8.20. Let P be a potential in Ps{M). Then P is splittable if and only if P is decomposable. 


Proof Suppose first that P is splittable, then there exists an algebra automorphism (j) of such that 4>{P) is cyclically 

equivalent to Q = Q-^ © with respect a decomposition of S'-bimodules M = Mi 0 M 2 and is trivial in Ps{^ 2 )- Then 
(/)i^i(S 2 (P)) = S 2 (Q) = M 2 and since M 2 is Z-freely generated then ^ 2 {P) = (4’^^'^)~^{^ 2 ) is ^-freely generated as well. Suppose 
now that S 2 (P) is Z-freely generated. Using Proposition 17.141 we can find an algebra automorphism 4 : Ps{M) —>■ J^s(M) with 

t 

4{M) = M and such that is cyclically equivalent to a potential of the form Q = aibi where {oi,..., at, 61 ,..., bt} 

i —1 

is a Z-hee generating set of iVo, a Z-direct summand of Mq. Thus Q is a potential in Ps(Mi) where Mi = SNqS. Then 
4{P) = 4{P)~^ + Q + w where w S [J's(M), Ps(M)]. By Theorem l7.151 there exists a unitriangular automorphism p : Fs{M) —>• 
P's(M) such that (p{4{P)-^ + Q) = Qi (B Q + wi with Qi being a reduced potential in Ps{M 2 ) and M 2 is Z-freely generated 
by N', a Z-subbimodule of Mq such that Mq = TVq © N'- Also wi G [Ps(M), Ps(M)]. Therefore (p4iP) = T{4i.P)-^ + Q -\- w) = 
Qi(BQ + <p(r') + wi where ip{w) + wi € [J's(M),Ps(M)]. Thus P is splittable, as desired. □ 


Definition 41. We say that pkP is defined if pkP is splittable; that is, there exists an algebra automorphism 4 of PsihkM) 
and a decomposition of ^-bimodules pkM = Mi © M 2 , such that 4{hkP) is cyclically equivalent to a potential Q = Q-^ © 
where Q-^ is a reduced potential in Psi^LIi) and is a trivial potential in Ps{M 2 ). 


Definition 42. In the situation of definition 41, we set pkP '■= hkM = Mi and call the correspondence (M,P) 1— >■ 
{flkM, PkP) the mutation at k. 


Note that Proposition [501] implies that the mutation pkP is unique up to right-equivalence. 

Our next result is that every mutation is an involution on the set of right-equivalence classes of reduced potentials. 


Theorem 8.21. Let P be a reduced potential such that pkP is defined. Then pkPkP is defined and it is right-equivalent to 


P. 


Proof We first show that jlkiPkP) is defined. We will show that ^ 2 {PkPkP) is Z-freely generated. Since pkP is defined, 
then there exists an algebra automorphism 4 of PsihkM) such that 4 {hkP) is cyclically equivalent to pkP © Wi with respect a 
decomposition pkM = pkM © Ci where Wi is a trivial potential in Ps{Ci)- By Theorem l8.17l there exists an algebra isomorphism 
4 ■ Ps{Pk^) Ps{M © C 2 ), where C 2 = MckM © M*e/c(*M), such that ^ihkP) cyclically equivalent to P © W 2 where W 2 
is a trivial potential in ^ 5 ( 02 ). Using Theorem 18.141 we obtain an algebra automorphism 4 of Psihk^) ®och that 4{pkP) is 
cyclically equivalent to pk{4{hkP))- Note that the latter potential is right-equivalent to PkPkP © Wi with respect a decomposition 
pIM — pkPkM © Cl. Suppose that ip is determined by the pair Since 'pihkP) cyclically equivalent to P© W 2 , 

then we obtain: 


4 <^^\E 2 iplP)) = E 2 { 4 {pIP)) = 52 (P© IU 2 ) = C 2 

Since C 2 is Z-freely generated and '4^^'> is an automorphism of 5'-bimodules then E 2 {p\P) is Z-freely generated. Because 4{hkP) 
is cyclically equivalent to pk{4{pkP)), then E 2 { 4 iplP)) = '^ 2 {pk{ 4 {hkP)))■ Using the fact that E 2 { 4 iplP)) = 4 ^^H'^ 2 iplP)) 
we get that {E 2 {pIP)) = E 2 {pk{ 4 {hkP))) = ^ 2 {PkPkP © W^i) = ’^ 2 {PkPkP) © Ci, whence E 2 {pkPkP) is Z-freely generated. 
Therefore PkPkP is right-equivalent to ^fc^P© IT 3 where W 3 is trivial. Thus, P© W 2 is right-equivalent to p^P and the latter 
is right-equivalent to pk4{hkP)- Also, pk4ihkP) is right-equivalent to PkPkP ® Wi and the latter is right-equivalent to pk^P © 
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W 3 © Wi- Consequently, P © W 2 is right-equivalent to fik^P © W 3 © Wi where both P and fj,k^P are reduced potentials and 
W 2 , W 3 © Wi are trivial potentials. By Proposition 18. 181 it follows that P is right-equivalent to flk^P = jlkllkP- 


□ 


9. A mutation invariant 

In this section we fix k € [1, n] and study the effect of mutation (Ik on the quotient algebra V{M, P) = Ps{M)/R{P). We will 
use the following notation: for an S'-bimodule B, define: 

^k,k — ^kBCk 

Proposition 9.1. Let {Ps{M),P) be an algebra with potential. Then the algebras V{M, P)f, f, and V{pkM, pkP)k {. are 
isomorphic to each other. 


Proof. First note that {pkM)k % — ^k k ® MckM. We now establish the following lemma. 

Lemma 9.2. There exists an algebra isomorphism between Fs{{hkAI)k k) and Ps{AI)k k- 

Proof. Using Corollary 18.51 we obtain that iM{PkfFs{AI)d'k) C Thus there exists an algebra morphism p : 

PkfFs(.M)ek —>■ PsihkM) making the following diagram commute 


ekfFs{M)ek - - ->■ PsihkM) 


We claim that p{ekPs{M)ek) C PsiekPkMek). Since M = M (B (ckM)* ©* (Mck), then Ts{AI) = PsiM) (B B' where B' 
is the closure of the F-vector space generated by all formal series containing non-zero elements of (efcM)* or *{Mek). 
Similarly, PsihkM) = Ps{ekPkMek) © B" for some F-vector subspace B". Now let u G ekPs{M)ek, then p{u) = u' + b' where 
u' G Ps{ekPkMek) and b' G B". Applying on both sides yields iniu) = ikkM{u') + ikkM{b'). Note that iM{u),ikikM{u') G 
Psi^khkMek) and if^kMib') G B". This implies that = 0 and since ik,kM is a monomorphism then b' = 0. Therefore 

p{u) = u' where u' G PsiskpkMek). The claim follows. 

It follows that there exists an injection of F-algebras: 

p ■ PkPs{AI)ek —>■ PsiekhkMck) 

Define / : MckM © CkMck —>■ ekPs{M)ek as follows: let / be the identity on the second summand and /([«]) = u otherwise. 
By abuse of notation, let / denote the extension of / to Ps{(fkPkMPk)- Then / = p~^ so p is an isomorphism of F-algebras. 
This completes the proof of the lemma. □ 

Lemma 9.3. There exists an algebra epimorphism 



P(M,P)^j, V{pkM,pkP)k^k 


Proof It is enough to prove the following two facts: 


Ps{hkM)f^f^ = Ps{{hkM)i^fJ + R{pkP)k^k 

P{R{P)k^k) — Ps{,{hkAI)k k) ® P^hkP)k k 
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We first prove that + R{fikP)j^ f,. 

Let P be a potential in Ps{M). Recall that P is cyclically equivalent to a potential P' S Ps{M)^ j. and that fkk{P) is cyclically 
equivalent to fik{P')- Therefore we may assume that P G Ps{M)f, For such a potential P, fJ,k{P) is defined as follows 


MP)=PiP)+ ^ [6tsa]((sa)*)(*(6t)) 

saGfcT 


Note that the set {dqc : d GT (1 Mck, q G L{k),c G CfeM fl T} is a local basis of MoekSekMo- Fix an element [dgc]. We now 
compute I ^ [6tsa](sa)*(*(6t)) . First note that: 

\ sa ^ kTj 

^ [6tsa](sa)*(*(6t)) = ^ | ^ r*(ts)[6ra]| | ^ {r^^)*{s-H-^)a*r^^{*b) 

saGfcT.btGTfc saGfcf.biGTfc \reL(k) ) \riGL(fc) 

= ^ ^ r*{ts)[bra]{r^^yis-h-^){a*rYH*b)) 

soGfef',btGffe r,rieL(k) 

Applying to the above expression and using Proposition 17.31 yields 


^[dgc]- \ ^)*(s ^(*&)) I = 9*(is)(r/)*(s 4 i)(c*ri i(*d)) 

\saekf,btefkr,rieL{k) j t,BeL{k) rieL{k) 

= E f E 9*(t5)(rT'r(s-'i-')|cvr^rd) 

riGL(fc) \t,s^L(k) J 

= c{k)c* q~^ (* d) 

= c{k){qc)*{* d) 

Therefore all the elements {qc)*{*d) lie in PsiidkM)^ ^ + R{fikP)^ We now continue with the proof of Lemma [TS] Let 
X G Fs{dkXI)f, j,, then x = ^ where each is a product of elements in L = ekMck U MckM U* (Mck) U (ckM)*. Set = 

U 

xi .. .xi(^u) where each Xi G L. If Xi G e\{M), then i> 1 and Xi-i G {M*)ek- Therefore Xi-iXi G M*ek{*M). Similarly, if Xi G 
M*ek then i < l{u) and Xi+i G ek{*M) and thus XiXi+i G M*ek{*M). Since the elements {qc)*{*d) generate {ckM)*e\{MCk) 
as an S'-bimodule, then (efeM)*eJ(Mefc) C Ps{{PkM)f, y) + R{^,kP)f. f,. Therefore each y^ G PsiiPkM)j^ y + R{p,kP)j, j^. This 
implies that x G Ps{{PkM)f, + R{fikP)k y claimed. Let us now find an expression for fXkP- We have 

Pk{P) = p{P)+ E [&tsa]((sa)*)(*(6t)) 

sa^kT jbt^Tk 

= pip)+ E E [ E 

a^kT,b^Tk r,r\^L{k) \s,t£L{k) 

= p{P)+c{k)i ^ [&ra]a*r-i(*6) 

r£L{k) 

We have the following expressions 

Xa-ifikP) = c{k) Y E r~'^{*b)[bra] 

b£Tk r^L{k) 

X*b{pkP) = c{k) Y E 

aGfcT r^L{k) 

X^braYiPkP) = X^braY{p{P)) + C{k)a*r-\*b) 

We now show that if P is a potential in for some N >2 then p{{R{P))f, C R{fj,kP)k k- 
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N 

Suppose that P = 7 „ where each is of the form X 1 X 2 ■ ■ ■ Xn(u) where Xi G T. For every 7 „, let C{u) be the subset of the 

U—1 

symmetric group consisting of all cyclic permutations c of Sn{u) such that Xc(i) = sj). Define 7 ° = Xc{i)Xc( 2 ) ■ ■ ■Xc(n{u))i 

then we have: 


iZ = Scbr^acZc 


where Zc = ^c( 3 ) ■ ■ ■ ^c(n(u))- Therefore 


N 

JCb*{P) — ^ ^ ^ ^ '^c^c^c^c 

u—1 c£C{u) 


Let b' gT D euMoCk, then 


N 

p{b'x,,{p))^Y. E [b'rcac]p{zc)sc 

u=i cec(u) 


Note that a Z-free generating set of ^kM is the set ^ikT := {T H ekMoCk) U {[bra] : b G Tk,r G L{k),a Gk T} U {*b : b G 
Tk} U {a* : a Gk T}. Let (pkT) be the S'-local basis of ^fcM consisting of all the elements ry where r G L{u), y G ykT fl euPkMcv 

N 

Now consider p{P) = ^ piju)- We have 


Tu — Ml^ 0 ^ 0 + 1 /^2^Z2 •' ■ Ms^Zs^Zs+iMs+1 


where each pi is a product of elements in T fl e„S'Moe„ where u,v k and for every li, xi- = s{xi.)b. Then 


Phu) = p{pi)[xi,Xl, + i]p{p,2)[xi^Xl^ + i] . . . p{ps)[xi,Xl^ + i]p{ps+l) 

Each p{p.i) is a product of elements in CuSM^ey where m, u are different from k and each [xi^xi^j^^] = s(a;/J[ 6 s(a;i;+i)a(a:/^+i)]. 
Therefore p(piu) = yi ■ ■ ■ ypu) where each yi G PkT. Let C'{u) be the subset of all cyclic permutations d of iS't(„) such that yd(i) = 
s[ 6 ra] for some a G Tk, r G L{k). To this permutation it corresponds a unique permutation c{d) G C{u) such that pipjuY = Pil'u'^'^)- 
Therefore 


N 

^[bra]* (p('P)) — ^ ^ ^ ^ p{Zc)Sc 

U—1 c^C{u),rc—r,ac—a 

p{b'X,.{P))= Y. [b'ra]X[,y,]4p{P)) 
r^L{k),a£kT 


Now let a Gk T. Consider the subset ^{u) consisting of all permutations c G such that a;c(i) = Tea. Then for each c G P{u), 
7 ^ = TeaZeSeb for some b G Tk- Then 


N 

Xa* (P) = Y E ^cScbVc 

11=1 ce'D(u) 

Note that R{P)(. ^ is the closure of the two-sided ideal in Ps{M)^ ^ generated by the elements b'Xb*{P) for b, b' G Tk, together 
with the elements Xa* {P)a' for a, a' Gk T, and Xy,» (P) with w G T r\ eiy(^w)MeT(y,p <j{w), t{w) ^ k. 
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Let a' G Tfe, then 

N 

p{Xa»{P)a) = '^ ^ p{zc)sc[bcrca] 

U^l cGT>{u) 

N 

= p{zc)sc[bra'] 

b£Tk,r^L{k) u—1 c^T>(u),bc=b,rc—r 

= X[i,ra]-{p{P))[bra'] 

beTk,reL{k) 

Also 

p{b'Xb-{P))= Y [b'ra]X[braY{p{P)) 

a^kT,r^L{k) 

= Y W^(^]^lbra]-iPkP) - c{k) i Y [b'ra]a*r~^{*b) 

a£kT,r^L{k) \a^kT,r^L{k) 

= Y [b'ra]X[tra]^ipkP)-X^,i,,)ipkP)i*b) 

a£kT,r^L{k) 

On the other hand 

p{Xa-{P)a')= Y Xii,ra]-{p{P))[bra'] 

b^Tk ,r£L{k) 

^ X! Xii,ra]*{pkP)[bra'] - Y c{k)a*r~^{*b)[bra'] 

b^Tk,r^L{k) b^Tk,r^L(k) 

= X! X[t,ra]*iPkP)[bra'] - a*X(a'piPkP) 

b^Tk ,r^L{k) 

li w € T r\ euMoCv, where u,v k, then 


p(X„.(P)) = X^.{p{P)) = X^,{pkP) 

This proves that p{{R{P))j^ C R{p}.P)f_ for potentials P in the tensor algebra Ts{M). 

We now show that if P is a reduced potential in Ps{M)^ j., then p{R{P)f. C R{pkP)k k- ^ ^ PkR{P)Pk- It suffices 
to show that p{h) G R{pkP)f. + Ps{PkM)-^ for every positive integer N. The previous result yields the inclusion p{h) G 

R{pkP^'^^)k:k+ PsiPkM)'^^'. 

The ideal R{pkP-^^) is the closure of the ideal generated by the elements of the form (/ifcP-^^) for w G PkT. Note that 
X^,{pkP^^^) = X^.(p(P^ 2 A) ^ ^ X„.(p(P) + Afe) - X^.(p(P>2^)) = X^.{pkP) - X^.(p(P>2^)). It follows that 

X^,{pk{P^^^)) G R{pkP)k;k+ ^s{pkM)'^^ 

Therefore p{h) is in the closure of R{pkP)k desired. This proves the inclusion p{R{P)j^ C Ps{{PkM)j^ fl R{pkP)k k 
and the proof of Lemma 19.31 is now complete. □ 

To finish the proof of Proposition l9.ll it is enough to show that the epimorphism a in Lemma |9.31 is in fact an isomorphism. 
To do this, we construct the left inverse algebra homomorphism /3 : P(/XfcM, ^fcP)^, ^ P(M, P)^ We define /3 as the 
composition of three maps. First, we apply the epimorphism V{pkM, pkP)^ k 'P{pk(.PkM), Pk{pkP))k k dsfin^d in the same 
was as a. Remembering the proof of Theorem 18.171 and using the notation introduced there, we then apply the isomorphism 

—>• P(M © M', P + lT)j. ^ induced by the automorphism Finally, we apply the isomorphism 

P(M © M', P + W)f. f. —>■ V{M, P)^ ^ induced by Proposition 16.61 Let p denote the projection map Ps{^)k k P)k k- 

Since all the maps involved are algebra homomorphisms, it is enough to check that /3a fixes the generators p(c) and p{asb) where 
c G T n CkMck, a G P n Me^, 6 G T fl e/cM, s G L{k). This is done by direct tracing of the definitions. 

□ 
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Proposition 9.4. If the quotient algebra V{M, P) is Gnite-dimensional then so is V{g,kM, hkP)- 


Proof We start as in by showing that finite dimensionality of 'P{M, P) follows from a seemingly weaker condition. 

Lemma 9.5. Let J C (M) be a closed ideal in Then the quotient algebra Ps{M)/J Is Unite dimensional provided 

the subalgebra fFs{M)f, j./Jj. ^ is finite dimensional. In particular, the quotient algebra V{M, P) is Gnite-dimensional if and only 
if so is the subalgebra V{M, P)j.j.. 

Proof For an 5'-bimodule B, we denote: 

^k k — ^kBCji — Pk,j ) B^ ^ — Cf^Beji — Biy, 

jyk iyk 

We need to show that if Ps{M)^ k/'^k k finite dimensional then so is each of the spaces Ts{^)k k/'^k fe> and 

PsiM)k,k/Jk,k- Let us treat Ps(.M)k,k/Jk,k\ the other two cases are done similarly. 

Let T be a Z-local basis of Mq and let L be a Z-local basis of S. Then T = {so ■. a £T,s G L{a{a))} is a local basis for Ms- 
Let: 


T n = {tl, t2, ■ ■ ■ , tq} 

Note that Ps{M)k,k = Alfc 0 0^ j G-Fs(M)^ j,tj. It follows that there exists a surjection of F-vector spaces: 

f : Dk X Matixq{lFs{M)k^k) Ps{M)k,k/Jk,k 


given as follows: 


f{d, D) = ■n{d + (ri r 2 ... ri)D{ti t 2 ■. ■ tq^) 

where tt is the canonical projection Ps{M)k,k ^ d's{M)k,k/Jk,k and T denotes the transpose. Note that MatixqiJf. k) — 
ker{f), thus there exists an F-linear isomorphism: 




— Ps{M)k,k/Jk,k 


for some F-subspace It follows that Ps[M)k,k/Jk,k is F-isomorphic to a quotient of Dk x Matixq (ps{M)k k/"^k kj ■ 
Therefore Ps{M)k,k/Jk,k is finite dimensional, as desired. 


□ 


To finish the proof of Proposition [9iU suppose that V{M, P) is finite dimensional. Then V{p,kM, lJ.kP)k k i® fiait® dimensional 
by Proposition l9.II Now Lemma 1^31 implies that V{pkM, hkP) is finite dimensional, as desired. 

□ 


Using Proposition 16.61 we see that Propositions 19.11 and 19.41 have the following corollary. 


Corollary 9.6. Let {Ps{M), P) be an algebra with potential, where P is a reduced potential in Fs(M), and let 
(Ps(hkM), flkP) be an algebra with potential obtained from {Ps{M), P) by the mutation at k. Then the algebras V{M, F)^ ^ 
and V{iIkM, fIkP)k k isomorphic to each other, and V{M, P) is Gnite-dimensional if and only if so is V{iIkM, flkP). 


It follows that the class of algebras with potentials {PsiM), P) with finite dimensional algebras P{M,P) is preserved under 
mutations. We now introduce another class. 




Page 62 ofED 


RAYMUNDO BAUTISTA AND DANIEL LOPEZ-AGUAYO 


10. Rigidity 

Definition 43. Let {iFs(M),P) be an algebra with potential, the deformation space Def{M,P) is the quotient 

V{M,P) 

S+[V{M,P),V(M,P)] ■ 

Proposition 10.1. There exists an algebra isomorphism Def{M,P) = Def{M,P) where M = /i^M and P = pkP- 


Proof. We may assume that, up to cyclical equivalence, P € ekiFs{M)cycek- Then 


Def{M,P) 


R{P) + [J^s{M),Ps{M)\ 




Similarly 


DefiM P) = - ^ ^- 

Now Proposition 19.11 implies that Def{M,P) ~ Def{M,P). □ 

Definition 44. An algebra with potential (J^s(M),P) is rigid if Def{M,P) = 0. 

Combining Propositions 16.61 and 110.11 we obtain the following corollary. 

Corollary 10.2. Suppose an algebra with potential (Ps(M),P) is rigid and pkP is splittable, then the mutation 
{flkM, hkP) is also rigid. 

Lemma 10.3. Every reduced and rigid algebra with potential (Ps(M),P) is 2-acyclic. 

Proof. Note that (Ps(M), P) is rigid if and only if every potential of p 5 (M) is cyclically equivalent to an element of P(P). 
Suppose now that M is not 2-acyclic, then there exists i, j with i ^ j such that CiMej ^ 0 and ejMci ^ 0. Choose non-zero 
elements a G CiMcj fl T and b G CjMci fl T. Since Mcyc = 0 then R{P)cyc C Ps(M)-^. It follows that the potential Q = ab is 
not cyclically equivalent to an element of R{P). This completes the proof. □ 


11. Realizations of potentials 

Let M be an S'-bimodule Z-freely generated by the ^-subbimodule Mq and let (Ps(M),P) be a 2-acyclic reduced algebra 
with potential, and suppose that the reduced algebra with potential {Ps{TfkM),Ps{TfkP)) obtained from (p 5 (M),P) by the 
mutation at some integer k in [l,n] is also 2-acyclic. For each i G [l,^,] define d{i) := dimpDi. We associate to M a matrix 
B{M) = G M„(Z) defined as follows: 

bij := dimF{eiMoej)d{j) - dimF{ejMQei)d{j) 


Lemma 11.1. The matrix B{M) is skew-symmetrizable. 

Proof Note that d{i)bij = d{i)d{j)dimF{ciMaej) — d{i)d{j)dimF{cjMQei). On the other hand: 

-d{j)bj^i = d{i)d{j)dimF{eiMoej) - d{i)d{j)dimF{ejMQei) 

It follows that d{i)bij = —d{j)bj^i. The claim follows. □ 

The matrix BljIkM) = (6^) associated to JlkM is given by: 

bij = dimFei{M)oejd{j) - dimFej{M)oeid{j) 
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where Mq = ekMoCk © MoekSckMo © euioN) © (iVo)efe. 

• Suppose first that i = k. Then ei{M)oej = ek{M)oej = ek{oN)ej. 

Therefore: 

bk,j = dimFekioN)ejd{j) - dimFej{No)ekd{j) 

= dimFiejMoek)d{j) — dimFiekMoej)d{j) 

= -[dimFiekMQej)d{j) - dimFiejMoek)d{j)] 
= —bk,j 

• Suppose now that j = k. Then ei(M)oej = ei{M)oek = ei(N(f)ek- Therefore: 


bi^k = dimFei{No)ekd{k) - dimFek{oN)eid{k) 

= dimF(ekMQei)d{k) — dimF{e.iMQek)d(k) 

= —[dimF(eiM(fek)d(k) — diniF iekMQei)d{k)] 
— bi^k 


• Assume now that i,j ^ k. In this case: 
We obtain: 




bij = dimFieiMoCj © ejMoefcS'e/cMoej)d(j) - dimF{ejMoei © ejMQekSekMoei)d{j) 

= dimF(eiMQej)d(j) + dimF{e.iMQek)dimF{e.kMoej)d(k)d{j) — dimF(ejMoei)d{j) — dimF(ejMQek)dimF(ekMQei)d(k)d{j) 

On the other hand bi^kbkj equals: 

[diruFieiMoek)d{k) — dimFiekMoei)d{k)\ [dimFiekMoej)d{j) — dimFiejMQek)d{j)] 

= dimF{e-iM(fek)dimF(e.kM(iej)d(k)d{j) — dimFieiMQek)dimFiejMoek)d{k)d{j) — dimFiekMQei)dimFiekMQej)d{k)d{j) + 
dimF{ejMoek)dimFiekMoei)d{k)d{j) 

We now proceed dividing by cases. 

Case 1 . Suppose that bi^k > 0 and bkj > 0 . Then dimFekMoCi = dimFejMoek = 0 . Therefore: 

bij = dimFieiMoej)d{j) + dimF{eiMoek)dimF{ekMoej)d{k)d(j) — dimFiejMoei)d{j) 

= bij + dimFieiMoek)dimFiekMoej)d{k)d{j) 

and bi^kbkj equals dimFieiMQek)dimFiekMQej)d{k)d{j). Thus bi^ = bij +bi^kbk,j- 

Case 2 . Suppose that bi^kbkj = 0 . Assume that bi^k = 0 , the other case being similar. Then dimFCkMoCi = dimFSiMoek = 0 . 
Therefore: bij = dimF{e.iMQej)d{j) — dimF{e.jMQei)d{j) = bij. 

Case 3 . Suppose that bi^k < 0 and bkj < 0 . Then diuiFeiMoCk = dimFEkMoBj = 0 . Thus: 

bi^j = dimF{e-iMQej)d[j) — dimF{ejMQei)d{j) — dimF(ejMQek)dimF{e.kMQei)d(k)d{j) 

= bij — dimF(ejMQek)dimF(ekMQei)d(k)d(j) 

and bi^kbkj equals bi^kbkj = dimF{ejMoek)dimF{ekMoei)d{k)d{j). Therefore bij = bij - bi^kbk,j- 

Case 4 . Assume that bi^k < 0 and that bk,j > 0 . Then dimFeiMoCk = dimFejMQCk = 0 . It follows that bij = 
dimF{eiMoej)d{j) — dimF(ejMQei)d{j) = bij. 

Case 5 . Finally suppose that bi^k > 0 and that bkj < 0 . Then dimF^kMoei = dimFSkMoBj = 0 . Therefore: 

bij = dimF{eiMoej)d{j) - dimF{ejMoei)d{j) = bi^j. 
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Then the entries of the matrix B{nkM) are given as follows: 






a i = k or j = k 
if h.khj < 0 

if ^i^ki^k^j ^ 6 
if ^i^ki^k^j ^ 6- 


Thus the skew-symmetrizable matrix B{^kM) is obtained through matrix mutation of B{M) in the sense of Fomin-Zelevinsky 

[ 31 - 


Definition 45. The matrix B{M) is called the exchange matrix of M. 

Definition 46. Let F be a field. A species is a triple (I, {Di)i^j, j)g/2) where I is a finite set; Di is a finite dimensional 

division algebra over F for all i G I', and for each {i,j) G P, Mij is a Di — D^-bimodule finite dimensional over F. 

Proposition 11.2. Let B be a n x n skew-symmetrizable matrix B — (bij) with skew-symmetrizer D = diag{di,... ,dn)- 
If dj divides bij for every j and every i, then the matrix B can be reached from a species. 


Proof. Let G := 0 Zrf.. Since G is a finite group, then there exists a Galois extension E/F such that Gal{E/F) = G. For 

i—1 

each i define Fi := Fix{Hi), the fixed field of Hi, where Hi = hdi x ... x {i} x ... x Then Fi D Fj = F and [Fi : F] = di. 
Since the multiplication map Fi®pFj —^ F^Fj is surjective, then a dimension argument implies that the composite F^Fj is 

isomorphic to Fi Fj. Set S := Fi and Z = 0 F and for each i ^ j define Mij := (F^ ®p Fj)~H' if bij > 0. Then the 

i—1 n 

exchange matrix of M := Mij equals B. □ 

id 


12. Nondegeneracy 

We now introduce the notion of polynomial and regular map. Throughout this section we will assume that the underlying field 
F is infinite. 

Let F be a non-empty set and let F^ denote the F-vector space of all functions f : B ^ F. 

Definition 47. A function H : F^ —F is a polynomial map if and only if there exists a polynomial Pp G F[Zi,..., Zi] 
and elements xi,... ,xi of F such that H{f) = P{f{xi),..., f{xi)) for each / G F^. 

If H, G are polynomial maps F^ -d F then the product HG is the map sending each / G F^ to the element H{f)G{f). Clearly 
HG is also a polynomial map. 

Suppose now that h : F^ —>■ F^^ is a function, then for each x G Bi we have the map hx ■ F^ —>■ F given by hx{f) = h{f){x). 


Definition 48. We say a map h : F^ —>■ F^^ is polynomial if for each x G Bi, the map hx ' F^ -d F is polynomial. 
We now show that the composition of polynomial maps is again polynomial. 

Lemma 12.1. Let hi : F^ —>■ F^^ and /12 : F^^ —>■ F^^ be polynomial maps, then h 2 hi is also a polynomial map. 
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Proof. Let x € B 2 and consider the map {h 2 )x ■ —>■ F. Then there exists a polynomial P £ F[Zi,..., Zi] such that for 

each g £ {h 2 )x{g) = h 2 {g){x) = P{g{xi),... ,g{xi)) and some Xi,... ,Xi £ Bi. For each Xi,... ,xi there exists polynomials 

G F[zi, ...,Zy] such that {hi)x^{f) = Qiifivi), ■ ■ • ,/(y„)), • ■ •, {hi)x,{f) = Qi{f ivi), ■ ■ ■ ,/(y«)) for some yi,... £ 

B and for every / £ . Thus for each / £ we have: 


{h2h)x{f)=P{hi{f){x,),...,h,{f){xi)) 

= PiQiifivi), • ■ •, fivv)), • • ■, Qiif ivi), • • ■, fivv))) 

Then if R{Zu ■ ■ ■, Z,) = P{Qi{Zu ..., Z,),..., Qz(Zi,..., Z„)) then (/i 2 /ii),(/) = i?(/(yi),..., /(y„)). □ 

In what follows, M is a fixed S'-bimodule Z-freely generated as before. 

00 

For every n >2, choose an F-basis F„ of {M®'^)cyc and let F = F„. Then if F is a potential in Fs(M), P = with 

n— 2 b^B 

Cfe £ F, c{P) denotes the element of F^ such that c(F)(6) = Cb- For every m>2, define F-™ = F„ and F-™ = F„. 

n'>m n<m 

00 

Let M' be another S'-bimodule Z-freely generated, F^ an F-basis of (M')®” and let S' = [J F^. Suppose we have an F-linear 

n— 2 

map (j) '■ FsiM)cyc —>■ Fs{M')cyc such that 0(Fs(M)-"’) C Fs(M')-"’ for each n > 1. Then ([> is continuous. We claim that there 
exists a polynomial map (j) : F^ —)> F^ such that for each potential P £ Fs{M) we have: 

mp)) = mp)) 


Indeed, for each x £ F„ we have (j){x) = with £ F. Let (j): F^ —>■ F'® be defined as follows. For each f G F^ 

j/elB')-" 

and y £ F^ set: 

^(/)(y) = XI 


Suppose now that / = c(F) then P = EE f{x)x j and: 


n=2 \xeB„ 




n=2 \xeB„ 


n=2 \x£Bn 


</'(s) = E1 E ) = E1 E 1 E 


Therefore (/)(F) = E E E f{x)ax,y y = E 4‘if)iy)y- Thus c{(j){P)) = <i){Q.{P))i and the claim follows. 


2=2yg(B„)' \x&B<^ 


yeB' 


We denote by F[Zx]xeB the ring of F-polynomials in the indeterminates Zx, x G B. Consider now two non-empty sets F, F' 
and indeterminates Zx for each x G B and Zy for each y G B'. If T £ F[Zx\x^b and / £ F^ then we define T{f) := T{f{x))x£B- 
Similarly, one defines T{g) for g £ F^ and T £ F[Zy]y^B'- 


If T £ F[Zx]x^b we define Z{T) := {/ £ F^ : T(/) ^ 0}. 


Definition 49. Let T G F[Zx\x^b- We say a map g : Z(T) —>■ F is regular if there exists a polynomial G G F[Zx\x^b and a 
non-negative integer u such that for each / £ Z{T), g{f) = — ^(/)T(/)““. A map h : Z{T) —>• F^ is regular if for every 

y G F', the map hy : Z{T) —>• F given by hy{f) = h{f)[y) is regular. 


Note that the composition of a regular and a polynomial map is regular. 

As before, let /C denote the set of all pairs (j,j) such that e^Me^ ^ 0, ejMcij^O, dimp aMej < dimp ejMa and let 
= E N< = CiMej. 

Let £ be an S'-subbimodule of , Z-freely generated, such that (N^)* = /£. Let Ci be an F-subbimodule of , 

Z-freely generated, such that iV>=£0£i. Let {wi,...,Ws} be a Z-free generating set of £1 and {ws+i, ■ ■ ■ ,Ws+t} be 
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a Z-free generating set of £. Let B{T)m be the f"-basis of {M®'^)cyc consisting of all the elements of the form x = 

OO 

ti{x)ai{x)t 2 {x).. .tmix)amix)tm+iix) where ti{x) G L{a{ai{x))), tm+i (x) G L{t{ G‘m (a;))), ai{x) G T. Let B{T) = U B{T) m ■ 

m—2 

In what follows, we will use the following notation; = T fl and = T fl N^. Let W be the F-basis of associated 
to the Z-free generating set {uii,..., Ws+t} of . Note that W = Wi U W 2 where Wi consists of all the non-zero elements 

of the form z = t{z)w{z)r{z), t{z),r{z) G L, w{z) G {rci,..., rcg} and W 2 consists of all the non-zero elements of the form 
z = t{z)w{z)r(z), t(z),r{z) G L, w{z) G {ws+i, ■ ■ ■ ,Ws+t}- Let a G and x G B{T) 2 , then each Xa*{x) can be written as 
Ca,wix)w where Ca,w{x) G F. 

w^W 

Then for each potential P with / = c(P) and a G : 

^ f{x)Ca,wix)w = j f{x)Ca,wix)\w 

xeB{T) 2 w£W w£W \xeB{T )2 / 

Note that the set of all non-zero elements of T' = {ta*r : t,r G L,a G T<} is an F-basis of (N<)*. For each y G T' we have: 


fi^)ca{y),^'{x)\ t{y)w'r{y) 

wew yxeB(T)2 J 

= E f E E u; 

wew \w'ew xeB(T )2 / 

where t{y)w'r{y) = G F. Consider the square matrix {ky^w)yeT',weWi where: 

w^W 

ky,^ = E E fix)Caiy),n.'ix)X*J,^^-'^(y^ 

w'^W x^B{T)2 

Then the correspondence P >->■ det{ky^w) is a polynomial map Tw- We have that Tw{P) = Hwi^x) = det{ky ,^) 

where: 

w'ew xeB{T)2 

Let <; : Fs{Xd)cyc ^ Xs{M)cyc be the F-linear map such that for each x G B{T)\{N ®s N), (,{x) = x\ now if x = 
ti(x)ai(x)< 2 (a:)a 2 (x)t 3 (x), x G N ®s N and ai(x) G then (j(x) = ai(x)t 2 ( 2^)02 (x)t 3 (x)ti(x); if ai(x) ^ r< then 02 (x) G r< 
and we set <j(x) = a 2 {x)t 3 {x)ti{x)ai{x)t 2 {x). Clearly P and <j(F) are cyclically equivalent and thus Xa*{P) = Xa*(c(F)). As in 
proposition 7.10, we have: 


c(F)= ^ aA,.(F(2))+^(F^3) 

aeT< 

Recall that for each (i, j) G X we have dimF eiMej < dimF ejMci and thus \T^ fl eiXIejl < \T^ fl ejMei\. Therefore we can 
enumerate the elements of F'' as {oi,..., Og} and the elements of as {bi,... ,bs, 6s+i, • ■ •, bg+t} in such a way that a„ G CiXIcj 
if and only if G ejMci for all it = 1,..., s. 

Let F be a potential such that c{P^'^^) G Z(T^), then F^^i is maximal; thus = Im(A'^*^') 0 C for some F-subbimodule 
Z-freely generated C of iV>. Note that a Z-free generating set of is given by the elements Xa*{P^‘^'^) where a G and 
Ws+i,... jWs+t where the latter is a Z-free generating set of C. Thus there exists an isomorphism of S'-bimodules (j)^ : M ^ M 
such that for each a ^ F>, (j)^ {a) = a; (F^^i)) = bi for each i = 1,..., s and (j)^{ws+j) = bg+j G T>. Then: 

S 

J=1 

Let us compute the coordinates of ^^(<j(F)). 
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Associated to the Z-free generating set {wi,..., rcs+t} we have an P"-basis W of N^. Similarly, associated to the Z-free 
generating set consisting of all the elements where a G and rCs+ij • ■ ■ we have an _F-basis Y' of . Thus 

the change of basis matrix from Y' to W has the form: 


'A{P) O' 

B{P) I 

where A{P) = [ky^w{P)]y^T',weWi and the entries of the matrix A{P) are polynomial functions in c{P). 

Hence the change-of-basis matrix from W to Y' is given by: 

A(P)-i O' 

-B{P)A{P)-^ I 

and the coefficients of this matrix are regular functions in Z{T_^f). 

Therefore for every w G W, w = ^ l3u!,y>{P)y' where each pw,y'{P) is a regular function in Z{Tyy). If x is arr element of the 
F-basis of determined by T>, then x = ^ \x,wW with G F. Therefore 

w^W 

^ ^ ^ ^x,wl^w,y'{_P^y 

w,y' 

Thus (j>^[x) = ^ Xx,wPw,y'{P)<l}^{y') and (j)^{y') lies in the F-basis determined by T. Therefore for each x G B{T)m, 4>^{x) = 

w,y' 

ax,x'iP)x' where each ax,x'{P) is a regular function in Z{P^). We obtain 

x'eB{T)m 

OO / 

^ ax,x’{P)f{x) 
m=2x'eB{T),n \xeB(T)^ 

It follows that the map ip : Z{Tw) —t Ps{M)cyc given by V^(F) = (j)^{<;{P)) is a regular function, and 

S 

V'(F) =y]aA+V’(^)-" 

i=l 

Consider now the F-linear map ^ : Ps{M)cyc —t Ps{M)cyc defined as follows. If a: G B{T)m for m > 2 and aj{x) ^ 
{oi,..., Os, &i,..., 6s} we set ^(x) = x. If a: G B(T)m with m >2, and if for some j, aj(x) G T^, then choose j minimal. If j = 1 
then^(x) = ai{x)t 2 {x)... am{x)tm+i{x)ti{x) G > Ithen^(a:) = aj{x)tj+i{x)... amtm+i{x)ti{x)ai{x)... aj-i{x)tj{x) G 

M®”*. 

If none of the ai lie in but some equals 6^, with i G {1,..., s}, then choose i maximal with respect this property; if 
i = m set ^{x) = tm+i{x)ti(x)ai(x)... tm(x)am(x); if i < m define 



^(x) = ti+i(x)ai+i(x).. .trn(x)am(x)tm+i(x)ti(x)ai(x).. .ti-i(x)ai(x) G M®™ 


Clearly P and ^(F) are cyclically equivalent. 

In what follows, B{T)i^m is the set of all x G B{T)m such that ti{x) = 1 and ai(a:) = a^; for such ai we define p{x) as aip(x) = x. 
Similarly, B{T)m,i is the set of all x G B{T)m such that ai(x) ^ for i = 1,... ,m and am(x) = bi, and we define A(x) as the 
element such that X{x)bi = x. 

Given a potential F with coordinates / we define a unitriangular automorphism (p^ of Fs(M) as follows. For each z G {1,..., s} 
let 
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■=ai-^ ^ f{x)X{x) 

m=3rcGB(r)m,i 

oo 

■=bi-Y^ f{x)p{x) 

m=3a:GB(T)i,^ 

and pifl) = a for the remaining elements a G T. 

Define r : Ts{M)cyc —t J^s{M)cyc as t{P) = (p^{P), note that r is a polynomial map. Then the composition t<; : Ps{M)cyc —t 

S 

J’s{^)cyc is a polynomial map. The splitting theorem implies that if P is a potential of the form P = Uibi + P-^ then 

s 

(1) The sequence {(T(j)”(P)}„gN converges to Q{P) where Q{P) — 'Y, + Q{P)~^^ XI = Mi © M', Mi is Z-freely generated 

i—1 

by {oi,..., Os, 6i,..., bs} and M' is Z-freely generated by all the elements of T that are not in {ai,..., Os, 6i,..., 6s}- 

(2) For each x S B{T)m, there exists iVo S N such that if / denotes the coordinates of Q{P) then f{x) = c((r<r)"(P))(a;) for 
every n > Nq. 

Let M be an S'-bimodule, Z-freely generated, such that {M'^‘^)cyc = {0}. Recall that for a fixed k G [1,... ,n] the notation M 

denotes the ^-bimodule CkMet © MckM © [euM^ ©* {Mck)^ _ _ 

Let 1C be the set of all pairs (i, j) such that etMej ^ 0, ejMci ^ 0 and dimp{eiMej) < diu].p{ejMei). For i ^ k we have 

euMei =* {eiMck), CiMck = {ekMa)* 

Therefore (i, k) and (fc, i) are not in 1C. Now suppose i ^ k and j ^ k, then 


CiMcj = CiMcj © CiMekMcj 
CjMci = CjMci © CjMckMei 


Thus if {i,j) G 1C then there are two cases: 


or 


dinip CiMej < dimp(cjMekMci) 


dm\F eiMckMcj < diu].F{ejMei) 


Let J\f = 'Y^ {siMej + ejMci) and let T be the Z-free generating set of M induced by Lemma 18.71 Denote by B{T)m the 
(i,j)eic 

OO 

F-basis associated to {{M)®'^)cyc and B{T) = [J B{T)m. Let s{i,j) be the number of Z-free generators of CiAf'^ej and 

^ m—2 

be the number of Z-free generators of ejAf^ei. Then by definition: 

dis(i,j)dj = diuip eiAf^Cj < dimp CjAf^ei = djt(i,j)di 

thus s{i,j) < and therefore there exists Z-free generating sets {ai,... ,as}, {/3i,... ,f3s, Ps+i, ■ ■ ■ ,/3s+t} oi and Af^ 

respectively, such that aj/Sj ^ 0 for j = 1,..., s. 

Define p'kM as the F-subbimodule of M generated by the complement of {ai, ..., Og, /3i,..., /3s} in T. 

In what follows, given a potential P, we use the notations pkP and jlkP as in definitions 37 and 42. 


Proposition 12.2. Let Pq be a potential in Ps{XI) such that for some k G [1, n], (fikiPo))^^'^ is maximal. Then there exists 
a polynomial T{Zx) such that T(c(Po)) ^ 0 and a regular function (j) : Z{T{Zj;)) —>• such that for each potential P 

with T{c{P)) 7 ^ 0 we have iIk{P) = (t>{P)- 
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Proof. Let k be the F-linear endomorphism of Ps{M) defined on page 52, then ^fcPo = ■ By assumption = 

fJ-kiiniPo))^^'^ is maximal, thus = Im(Ar'^^) © C for some S'-subbimodule £, ^-freelyj;enerated, of Let {wi,..., Wg} be 
a Z-free generating set of and {wg+i,... ,Ws+t} be a Z-free generating set of £. Denot^y W the P-basis associated 

to this collection of Z-free generators of Thus, there exists a polynomial map Ti^ : Jfs(M) —?> F such that if P' is a 
potential in Fs{M) and Tw{P') 7 ^ 0 then : (Af^)* —7 Af^ Js injective. The composition (pi = : Fs{M) —)> Fs{M) is 

polynomial, hence induces a polynomial map pi : —>• We obtain a polynomial map Twpi '■ Xs{.M) —^ F and this 

map is determined by a polynomial T{Zx) € F[Zx\x^b{t) such that TwPi{P) = T{c{P)). Since Tw{pi{Po)) 7 ^ 0 then T{Zx) ^ 0. 
We obtain a regular function Z{Tw) —>■ Ps{M)cyc which maps P' to Q{p{P')) where p and Q are constructed as in page 67. 
Thus, we have a regular function: 


02 : Z{Tw) Xs{M)cyc 

defined as p 2 {P) = Q{'p{pi{P))). Consider the projection M this induces a map tt : Fs{M)cyc —>■ Let 

p = TTp 2 : Z{Tw) —>• Fs{t^'k^)( 0 is a regular map and by construction p{P) = flkP for each P G Z{Tw). This completes 

the proof. 

□ 

Proposition 12.3. Let ki , k2 , ... ,ki be an arbitrary sequence of elements of {1,..., n}. Let Pq be a potential in Fs{M) 
such that the sequence fiki ■ ■ -hkiPo exists, then there exists a polynomial T G F[Zx]xcb{t) and a regular map p : ZlT) —7 
Fsihk, ■ ■ ■ hkiM)cyc such that Pq G Z{T) and for every P G Z(r), /ife, ... pk^P exists and pki ■ ■ ■ Pk^P = P{P)- 

Proof. We prove this by induction on L If Z = 1 then the result follows from the previous proposition. Suppose then that the 
assertion holds for Z — 1 and let us show it holds for 1. Using the previous proposition, we obtain a polynomial Ti G F[Zx]xcb{t) 
and a regular map 


01 : Z{Ti) —7 Ps{PkiM)cyc 

and also the corresponding regular map: 0^ : Z_{Ti) —>• with Pq G Z(ri) and such that for each P G Z(ri), jlkiP 

exists and equals pi{P). By induction hypothesis, there exists a polynomial T2 G F[Zy]y£B{iJ.kiT) and a regular map 


02 : Z{T2) —7 PsiPki ■ ■ ■ PkiM)cyc 

and the corresponding regular map 0^ : ^(£ 2 ) F^^^'‘i •MfciT) Pk^Po S Z{T 2 ) and for each P' G Z{T 2 ), Pki ■ ■ ■ Pk 2 P' 

exists and equals p2{P'). Since p^ is regular then for each y G B{pkiT) there exists a polynomial Gy G F[Zx]xcb(t) such that 
for / G Z(ri) 


(0i)y(/) = 0i(/)(j/) = Gy{f{x))/Ti{f{x)riy) 

for some natural number m{y). Similarly, since p^ is regular, then for every u G B{pki ■ ■ ■ Pk^T) and g G Z(T 2 ) there exists 
Hu G F[Zy\y(iB{yk^T) such that for g G MT 2 ) 


{t 2 ^n{g) = p.^{g){u) = Hu{giy))/T 2 {giy))^^^'> 


for some natural number m(u). Consider the polynomial T 2 {Gy{Zx)) G F[Zx]xcb{t)- We claim that this is a non-zero 
polynomial. Indeed, by assumption pkiPo G Z{T 2 ), thus if /o = c(Po) then 


0 + T2{c{pk,Po){y)) = T2{p^{fo){y)) 

= T2{P,{fo{y))) 

= T2iGy{fo{x))/Ti{fo{x)r^y'>) 

= T2iGy{fo{x)))/Ti{fo{x)y 

for some natural number t. Thus T 2 {Gy{fo{x))) 7 ^ 0 and the claim follows. Now consider the non-zero polynomial T{Zx) '.= 
T 2 {Gy{Zx))Ti{Zx). Clearly Z{T) C Z{Ti) and if / G Z{T) then as before 
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T 2 i^J) = T 2 {Gy{fix)))/n{foix)Y Y 0 


Thus the image of Z(T) under the map cj)i is contained in Z(T 2 ) and the composition of the maps: 


Z{TY ^ Z{T 2 ) H ■.. pik,M),y, 


yields a regular map (j). Therefore if P G Z{T) then P G ^(Ti), thus ^J-kiP is defined and ^Jik^_P = YiiP)- Since </'i(P) G Z(T 2 ), 
then p,ki ■ ■ ./Ifej(/i/ciP) is defined and equals 4 ) 24 'i{P) = 4>(.P)- This completes the proof. 

□ 

Lemma 12.4. Let k be an element of {1, 2, ..., n}. Then there exists a potential P G p5(M) such that the mutation fr^P is 
defined. 


Proof Let s, t be distinct elements of {1, 2,..., n}. Since M is Z-freely generated by Mq then 


CsMckMet = Dg ®p CgMoCk Dk ‘ZiOk Pk ^kM^et ®f Dt 
= Dg CsMoCk (Sip Dk (Sp CkM^Ct (Sp Dt 

For each I, q,r define 

: = dimF eiMoCq 
dr : = dim^ Dr 

Then dim^ CgMekMet = dgirY k^kmfl t^t and dim^? etMcg = dtm^ ^ds- 

Recall that /C = {(s, t) : dimF CgMekMet < dimi? ctMcs} U {(s, t) : dimi? CsMct < dimf etMekMcs}. 

Let (s,t)G/C and suppose that dim^ ejMefeMet < dim^? ejMes then dsrnY, kdkmdl tdt < dtm^ ,.ds. This implies that 
k^^km^ t < rupg. Define the sets: 


dii = {(s,t) : m%kdkml^t < 

^-2 = {(s,t) : nrY kdkml t > to° J 

Given (s,t) G choose P-bases {hi,h 2 , ■. { 91 , 92 , ■ ■ ■, 9Ks,t), 9Ks,t)+i, ■ ■ ■,9r{s,t)} of CsMoCk •Zif Dk Zf ekMoCt and 

etMoCs respectively. Similarly, given (a, b) G X 2 choose P-bases /ip(a.&)> • ■ • > ^g(a.b)}> id'n ■ ■ • >5p(a,b)} of eaM^ek Zf 

Dk Zf CkMoCb and ebMoCa- Consider the following reduced potential 


l{s,t) p{a,b) 

p= Y. + Y Y ^'^3^ 

{s,t)eXi i=l (a,b)GY2 i=l 


Then 


l{s,t) p{a,b) 

(p)( 2 ) = {p.kPY'^'i = Y Y Nffi + Y Y 

(s,t)GYi i=l (a,b)GY2 i=l 

Since xG^p)’' ‘ maps a Z-free generating set of to a linearly independent subset of , then (/ifcP)*^^) js maximal. It 

follows that the mutation pkP is defined. 

□ 


Proposition 12.5. Let ki,k 2 ,. ■ ■ ,ki be an arbitrary sequence of elements of {1,2,..., n}. Then there exists a potential 
P G Ps(M) such that the mutation fiki ■ ■ ■ P-k 2 p'kiP exists. 


Proof. We proceed by induction on 1. The base case I = 1 follows from Lemma [12.41 Suppose then that the assertion holds for 
1 — 1. By induction hypothesis, there exists a potential Q G PsihkiM) such that pki ■ ■ ■ ft/caQ exists. By the base case, there exists 
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a potential Q' G Fs{M) such that fik^Q' exists. Using Proposition 112.31 we obtain a polynomial T G F[Zx]xeB{fikiT) such that 
T{c{Q)) 0 and for each potential Q” G FsifJ-kiM) satisfying T{c{Q'')) ^ 0 then flki ■. .Jik 2 {Q") exists. Applying Proposition 

112.31 once more yields a polynomial T' G F[Zx]x^B{p.k-iT) with T'(c{Q')) ^ 0 and for every potential Q'" G Fs{M) satisfying 
T'{c{Q''')) ^ 0 then flki {Q”') exists. Since the product polynomial T'T G F[Zx]xeB{fik t) is non-zero and F is infinite, then we can 
choose a potential Qo G Fsi^kklM) such that c{Qo) G Z{T'T). Thus T'{c{Qo)) ^ 0 and T{c{Qo)) ^ 0. The first condition implies 
that pkiQo exists; the second condition implies that fiki ■ ■ ■P-k 2 iQo) exists. By construction, pkiQo G FsinkilJ-kiM) = Fs{M). 
Using the latter isomorphism we obtain a potential Pq G Fs{M) and a right-equivalence Pq ftkiQo- Since T{c{Qo)) ^ 0 then 
flki ■ ■ ■ flk 2 (Qo) exists. In particular this implies that (Qo) exists. This yields a right-equivalence between (Qo) and fik 2 p‘kiPo 
and therefore p,k 2 p'kiPo exists. As p,ki ■ ■ ■ P‘k 2 {Qo) exists then in particular fkk 3 fik 2 {Qo) exists. Using the right-equivalence between 
P‘k 2 iQo) and /ifcaMfciPo we obtain that /Ifcj/ifcj/ifciPo exists. Continuing in this way gives the desired result. □ 
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